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Jexuus 1

1.1. BBeaenue
Teopua eepoamnocmeit — pasaen BBICIIEH MATEMATHKH, W3YYAOIINI
3aKOHOMEPHOCTH MAaCCOBBIX CIIyYalHBIX SIBIICHHUM.
[IpuBenemM HECKOJIBKO MPUMEPOB CIIyYalHBIX SIBIICHUM.

1. Ilpou3BoauTCS PsiA UCIBITAHWM 3aBOJICKUX HW3JCJIMM OMNPEICIICHHOTO THIIA,
HaIlpuMep pelie, Ha JUIMTEIbHOCTh O€30TKa3HOW paboThl. Pe3ynbTaT HCHBITAHHS OT
OJIHOTO pasa K APYromMy He OCTaeTCs MOCTOSHHBIM, MEHSETCS. DTH M3MEHEHUsS 00Yy-
CJIOBJICHBI BJIMSIHUEM psijia MaJIO3HAUYUTEIIBHBIX, TPYIHOYJIOBUMBIX (PaKTOPOB, TAKUX,
HarpuMep, Kak MUKpOJe(EeKThl B MeTalljIe; pa3HbIe TEMIIEpaTypHbIC YCIOBHUS; pa3-
HBIE YCJIOBUSI XpaHEHUS U TPAHCIOPTUPOBKHU U3JIEIUNA; OTKIOHEHUS! HANPSKEHUS OT
HOMHHAJIA U T. JI.

2. CaMOJIeT COBEpIIAET MOJET Ha 3aJlaHHON BBICOTE; TEOPETUUYECKU OH JIETUT
TOPU30HTATIBLHO, PABHOMEPHO U MPSIMOJIMHEHHO. DaKTUUECKH TOJIET COMPOBOKIACT-
Cs OTKJIOHCHUSIMU IIEHTpPa MacChl caMoJieTa OT TEOPETUUYECKON TPACKTOPUU U KOJie-
OaHUsMM caMOJIeTa OKOJIO LIEHTpa MAacChl. ITU OTKJIOHEHUS U KOJICOAHUS SIBJISIFOTCS
CIIy4YaHBIMHM U CBSI3aHBI C TypOYJICHTHOCTBIO aTMOC(EphI; OT OJHOTO pa3a K JPYro-
MYy OHU HE TTOBTOPSIOTCS.

3. PaccmaTrpuBaercst HenpepbiBHasS padora DBM Mexay aByMsl O4epeIHBIMH
cOosiMHU B pelieHnH 3a1a4uu. Bece koHTpoaupyembie yciioBus padoTel IBM: Temnepa-
Typa, BJIQXKHOCTb, HANPSKCHUE MUTAHUA, XapaKTep pelIaeMoil 3ajayud — OCTAKTCS
HEeU3MEHHBIMH. [IOBTOpSISI TaKOM OIBIT HECKOJBKO pa3, Mbl YOSKIAEMCS, UTO BpeMs
pabotel DBM Mexay nBymst ouepeaHbIMU cO0sSIMH OyIeT pa3HbIM (CIy4ailHbIM). DTO
00BSICHSIETCSI TEM, UTO pa3InyHbIe 3JeMeHThl DBM mnoaBepratoTcs He3HAaUUTEIbHBIM,
HEKOHTPOJIUPYEMbIM U3MECHEHUSIM.

Bce npuBeaeHHbIe MPUMEPHI PACCMOTPEHBI 3/1€Ch MO OJJHUM U TEM K€ yTIIOM

3pEHUs: TIOTYEPKHYTHI CITydaliHbIe BapUalliK, HEOIUHAKOBBIC PE3YIbTATHI Ps/Ia OMbI-
TOB, OCHOBHBIC YCJIOBHSI KOTOPBIX OCTAIOTCS HEM3MEHHBIMH. DTH BapHaIldd BCET/Ia
CBSI3aHBI C HAJIMYUEM KAKWUX-TO BTOPOCTENECHHBIX (DAaKTOPOB, BIUSIONIMX HA HCXOJ
OTIbITA, HO HE 33/IaHHBIX B YHCJIE €r0 OCHOBHBIX yCJIOBUA. OCHOBHBIE YCIIOBHUS ONBITA,
oTpeesIoNnre B OONIMX U TPYObIX YepTax €ro MpoTeKaHue, COXPAHSIIOTCS HEU3MEH-
HBIMH; BTOPOCTEIICHHBIE — MEHSIOTCS OT OIBITA K OTBITY U BHOCAT CITydallHbBIE pa3iiu-
YUs B UX PE3YyJIbTaThI.

CoBepIIeHHO OYEBUIAHO, YTO B MPUPO/IC HET HU OJTHOTO (DU3UYECKOTO SBIICHUS,
B KOTOPOM HE MPHUCYTCTBOBAIM OBl B TOW WJIM MHOW MEpPE DJIEMEHTHI CIy4alHOCTH.
Kak Ob1 TO4HO ¥ MOAPOOHO HU OBLIM (PUKCHPOBAHBI YCIOBUS OMBITA, HEBO3MOKHO
JOCTUTHYTH TOTO, YTOOBI TIPH MOBTOPEHUHU OMBITA PE3YJIbTaThl MOJTHOCTHIO U B TOY-
HOCTH coBnaganu. CirydailHble OTKJIOHEHUS HEM30€KHO COMMyTCTBYIOT JIFOOOMY 3aKO-
HOMEPHOMY SIBJICHHIO. TeM HEe MeHee B psjec MPaKTUYSCKUX 3a1ad dTUMH CITydailHbI-



MU 3JIEMEHTaMHU MOXKHO IpeHeOpeyb, paccMaTpuBasi BMECTO PEaIbHOIO SIBJICHHS €ro
YIPOUIEHHYIO CXEMY, «MOJEINb)», U MPEAIoIaras, 4To B JaHHBIX YCJIOBHSX OIIbITA SIB-
JIEHHE NPOTEKAECT BIIOJIHE ONpeleieHHbIM oOpa3oM. Ilpu 3tom u3 OGecuncieHHOro
MHO€CTBa ()aKTOPOB, BIMSIONIMX Ha JAHHOE SIBICHUE, BBIIEISIOTCS CaMble IJIaB-
HBI€, PEIIAIOIINE; BIUSIHUEM OCTAbHBIX, BTOPOCTENEHHBIX ()aKTOPOB MPOCTO MpPEHE-
OperaroT. Takast cxema W3y4eHHsI SIBJCHHI MMOCTOSHHO MPHUMEHSETCA B (U3MKE, Me-
XaHuke, TexHuke. [Ipyu Mcrnonb30BaHWM 3TOM CXEMbI JUIS PELICHMs JIF0OOW 3aaadu
IIPEXKJIE BCETO BBIICISAETCS OCHOBHOM KPYT YUUTHIBAEMBIX YCIOBUM U BBISICHAETCS, HA
KaKue IapaMeTphl 3aa4d OHU BIUSAIOT; 3aTEM IPUMEHSETCS TOT WM MHOW MareMa-
TUYECKHUI anmapar (HampuMep, COCTABIIAIOTCS M MHTErpupyroTcs AuddepeHnnasb-
HbI€ YPABHEHMsI, OIMCBHIBAIOIINE SIBICHUE); TAKUM OOpa30M BBISBISETCS OCHOBHAs
3aKOHOMEPHOCTb, CBOMCTBEHHAsI JaHHOMY SIBJICHUIO U JAOIas BO3MOXKHOCTb IpeE/I-
CKa3aTh pe3yJIbTaT OMbITAa MO €ro 3aJaHHbIM ycioBusAM. [lo Mepe pa3BuTus Hayku
YHUCJIO YYUTHIBAEMBIX (PAKTOPOB CTAHOBUTCS BCE OOJIBIIE; SBJIEHUE UCCIEAYETCs MO-
IpoOHee; HayYHbIM IPOTrHO3 CTAHOBUTCS TOYHEE.

OpnHako A1t penieHus psia BOIPOCOB OMKMCaHHAsA CXEMa — KJIIACCUYECKasi CXeMa
TaK Ha3bIBAEMBIX «TOYHBIX HAyK» — OKa3bIBaeTCs IJIOXO IpucnocobsienHon. Cyte-
CTBYIOT TAaKH€ 3aJauM, TJI€ UHTEPECYIOLIMHA HAC MCXOJ OIbITa 3aBUCUT OT CTOJb
Oomnpiioro yuciaa (GakTopoB, YTO MPAKTHUECKHM HEBO3MOXKHO 3apeTrMCTPUpPOBATH U
y4ecThb BC€ 3TU (PaKTOpbl. DTO 3a7a4M, B KOTOPHIX MHOTOYHUCIICHHbIE BTOPOCTEICH-
HbIE, TECHO TEpEIUICTAIIINECS MEXKIY cOO0M ciiydaiiHble (haKTOpPhl UTPAIOT 3aMeT-
HYIO POJIb, & BMECTE C TEM YMCJIO UX TAK BEJIUKO U BIUSHUE CTOJb CI0KHO, YTO MPH-
MEHEHHE KJIACCUUECKUX METOJ0B UCCIIEA0BaHUs ce0sl HE OMpPaB/IbIBAET.

Paccmotpum cnenyrommi npumep. HexkoTtopoe TeXHMYECKOE YCTPOMCTBO,
HamnpuMep CUCTEMa aBTOMATUYECKOTO YIPABICHUS, PEIIAECT ONPEICICHHYIO 3a/1a4y B
YCIOBUSIX, KOTJIa HAa CHUCTEMY HENPEPHIBHO BO3ACHCTBYIOT CIy4YallHbIC ITOMEXH.
Hanuuue momex mpuBOAUT K TOMY, UTO CUCTEMA peIllaeT 3aja4y ¢ HEKOTOPOM OIuo-
KOW, B psIE€ CIIy4yaeB BBIXOAALICH 3a MPEAEibl IOIMYCTUMOM. BO3HHUKAIOT BOIPOCHI:
KaK 4acTo OYyJyT MOSIBJISATHCS TaKue ONMIMOKU? KaKuUe CIEIyeT MPUHATh MEPhI JUIsl TO-
r0, YTOOBI MPAKTUYECKH UCKITIOYUTH X BO3MOKHOCTH?

UToOBI OTBETUTh HA TAaKHE BOIPOCHI, HEOOXOIUMO HCCIEAOBATH MPHUPOAY U
CTPYKTYPY CIIy4allHbIX BO3MYIIIEHUH, BO3JICHCTBYIOIIMX HA CUCTEMY, U3YUUTh PEaK-
LU0 CHUCTEMBI HA TAaKWE€ BO3MYLICHHUS, BBIACHUTH BJIUSHUE KOHCTPYKTHBHBIX I1apa-
METPOB CHUCTEMbI Ha BHUJ dTOM peakuuu. Bce mogoOHbIE 3a7aun, YUCIO KOTOPHIX B
bU3MKe U TEXHUKE YPE3BBIUAHO BEJIMKO, TPEOYIOT U3yUYCHUS! HE TOJIBKO OCHOBHBIX,
TVIABHBIX 3aKOHOMEPHOCTEH, ONpEIeSIONMX SBJICHUE B OOIIUX YepTax, HO U aHaJIHU-
3a CIIy4alHbIX BO3MYIIICHUN U UCKAKEHUMN, CBA3aHHBIX C HAIMYUEM BTOPOCTEIICHHBIX
(GhaKkTOpOB U MPUIAIOIIMX UCXOY OIbITA MPHU 3aJIaHHBIX YCIOBUSIX JIEMEHT HEOMpe-
JICJICHHOCTH.

Kakue e CylecTByIOT IyTH U METOJbI JJIsl UCCIIEIOBAHUS CIIyYallHbIX SIBJIE-
HUK? C YUCTO TEOPETUYECKON TOUKH 3peHus T€ (aKTOPhl, KOTOPbIE MBI YCIOBHO



Ha3BAJIM «CIIyYallHBIMW», B MPUHLUIIE HUYEM HE OTIMYAOTCS OT JAPYTUX, KOTOPbIE
MBI BBIJICTIUIN B KQYECTBE «OCHOBHBIX». T€OpPETHUECKN MOYKHO HEOTPAaHUYEHHO I1O-
BBIIIATh TOYHOCTh PEHIEHUS KaXKIOW 3a/1a4d, YUYUTHIBASI BCE HOBBIE U HOBBIE TPYIIIIbI
(GaKTOpOB: OT CaMbIX CYIIECTBEHHBIX JI0 CaMbIX HMUYTOXHBIX. OIHAKO MPAKTUYECKU
Takas TOMbITKA OJUHAKOBO MOJAPOOHO M THIATENBHO MPOAHAIM3UPOBATH BIHSHHUE
pEIIUTENbHO BceX (aKTOPOB, OT KOTOPBIX 3aBUCUT SIBJICHHE, IIPUBEIA Obl TOIBKO K
TOMY, UYTO PEIICHUE 33/1a4d, B CHJIy HEMTOMEPHON TPOMO3JIKOCTH M CIOXKHOCTH, OKa-
3aJ10Ch OBl MPAKTUYECKU HEOCYIIECTBUMBIM M K TOMY K€ HE MMeJI0 Obl HUKAKOW TO-
3HABATENbHOW HEHHOCTH. OUEBUIHO, JOJDKHA CYLIECTBOBATh NMPUHLMUINAAIBHASA pa3-
HUIIA B METOAAaX y4eTa OCHOBHBIX, PEIIAIOMIUX (PaKTOPOB, OMPENECISIONIUNX B TITaBHBIX
YyepTax TECUYCHHUE SIBICHUS, U BTOPUYHBIX, BTOPOCTEIIEHHBIX (PAKTOPOB, BIUSIONINX HA
TE€YEHUE SIBJICHUS B KAYECTBE «IOTPEIIHOCTEN» WM «BO3MYILECHHID». DJIEMEHT He-
ONPEEIEHHOCTH, CI0KHOCTH, MHOTONIPUYMHHOCTH, TPUCYIIUN CIIyYallHbIM SIBJICHU-
M, TpeOyeT CO3/1aHUs CIIEUATbHBIX METOJIOB JJISl U3YUEHUS ITUX SBJICHUM.

Takue meroapl U pazpabaTbiBaloTCs B Teopuu BeposiTHocTedl. Ee mpenMerom
SBIISIIOTCA clielU(UYECKUEe 3aKOHOMEPHOCTH, HAa0JII01aeMbI€ B CIIy4YallHbIX SIBJICHUSX.
[TpakThka moka3bpIBaeT, 4TO, HAONIO/ass B COBOKYITHOCTH MAaccChl OJHOPOIHBIX CITY-
YaHBIX SIBICHHM, Mbl OOBIYHO OOHAPY>KUBAEM B HUX BIIOJHE OMpPEIENICHHBIE 3aKO-
HOMEPHOCTH, CBOET0 POJa YCTOWYMBOCTH, CBOMCTBEHHBIE MMEHHO MAaCCOBBIM CIIy-
YyailHbIM sABJIeHUsAM. Hampumep, ecnu MHOTO pa3 moapsii OpocaTb MOHETY, 4acTOTa
nosiBJICHUS repOa (OTHOIIICHUE YUCTa MOSBUBIIUXCS TepOOB K 00111eMy dncity Opoca-
HUU) MOCTENIEHHO CTAOMIIU3UPYETCS, TPUOJIMIKASICH K BIIOJHE ONMPEACTICHHOMY YUCITY,
a umeHHo K 0,5. Takoe ke CBOMCTBO «yCTOMYMBOCTH YAaCTOT» OOHAPYKUBAETCS U MPU
MHOTOKPAaTHOM MOBTOPEHHUH JIFOOOTO JIPYroro OMbITa, UCXOJA KOTOPOTO MpeACTaBs-
€TCS 3apaHEe HE OMNPEACICHHBIM, ClIydalhHbIM. OTMETHM, 4YTO UMEHHO MacCOBOCThb
CIIy4allHBIX SIBJICHUW 00€CeUnBAET BHIMOJIHEHUE 3TOM 3aKOHOMEPHOCTH.

[TonoOHOrO poma 3aKOHOMEPHOCTH (MX Ha3bIBalOT «CTATHCTUYECKUMU») BO3-
HUKAIOT, KOTJIJa Mbl HAOIIOJ]aéM B COBOKYITHOCTH MAaCCHBBI OJTHOPOJHBIX CITy4alHbIX
aBieHUd. OHU OKa3bIBAIOTCA MPAKTUYECKH HE3aBUCUMBIMU OT WHIWBHUAYaJbHbBIX
0COOEHHOCTEH OTHENBHBIX CIIYyYalHBIX SBIICHUM, BXOJSAIIMX B MACCHB: 3TH OCOOCH-
HOCTHM Kak Obl B3aMMHO IOTAIIAIOTCS, HUBEIMPYIOTCS; BbIpaxasich OOpa3HO, «u3
MHO’KECTBa O€CHOpsAIKOB BO3HHMKAeT MNOpAAOoK». CpelHud MacCOBBI pe3yibTar
MHOJKECTBA CIIyYalHBIX SIBICHUM OKA3bIBACTCA NMPAKTUYECKU YK€ HE CIyYarHBIM,
npeacKazyeMbIiM. DTO U SIBJIsieTCA 0a30M I MPaKTUYECKOrO0 MPUMEHEHUS! BEPOSIT-
HOCTHBIX (CTaTUCTUYECKHUX) METOJOB UCCIIEOBAHUSI.

Metoasl TeOpUM BEPOATHOCTEN HE OTMEHSIOT U HE YIIPA3AHSIOT CIy4YalHOCTH,
HEIpPEeICKa3yeMOCTH UCX0/a OTJEIBHOrO OIbITA, 1aI0T BO3MOKHOCTD MpeACcKa3aTh ( C
KaKUM-TO TPHUOJIMKEHUEM) CpPEIHUN CYMMAapHBIM pPe3yslbTaT MacChl OJAHOPOIHBIX
CIIyYalHBIX SBJICHUM.

Llenb BEpOSATHOCTHBIX (CTATHUCTUYECKUX) METOAOB B TOM, YTOOBI, MHUHYSA
CJIMILIKOM CJIOKHO€ (M 3a4acTyl0 NPAKTUYECKH HEBO3MOXKHOE) MCCIIEJOBAaHUE OT-
JICJIBHOTO CIIy4aiiHOTO SIBJICHMSI, OOpAaTUTHCSI HEMOCPEICTBEHHO K 3aKOHaM, YIpaB-
JSFOLMM MHOKECTBOM TAKUX SIBJIEHUI. VI3yueHune 3TUX 3aKOHOB MO3BOJISET HE TOJb-
KO OCYILECTBJISATh MPOTHO3 B 00JAaCTU CIy4YalHBIX SBICHUN, HO U LieJICHANPaBIECHHO
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BJIMSITH Ha XOJ 3THX SABIICHUH, KOHTPOJIUPOBATh X, OTPAaHUYMBATH cepy NencTBuUs
CIIy4allHOCTH, CY>KaTh €€ BIMSIHUE Ha MPAKTUKY.

B nacrosimiee Bpemst HET IPAKTUUECKU HU OJTHOM 001acTH HayKH, B KOTOPOH B
TOM WM WHOM CTENEHW HE NPUMEHSIUCH Obl BEPOSITHOCTHBIE METOIbl. B onHuX
HayKax, B CWIy CIEUU(UKH MpeIMeTa U UCTOPUUECKUX YCIOBUM, 3TU METO/bI HaXxo-
JAT IPUMEHEHNE paHblle, B IPYTUX — Mo31Hee. McTopudecky nepsble 3a4aTKu BEpo-
ATHOCTHBIX METOJOB C JOBOJBHO NPUMUTUBHBIM MAaTEeMaTUYECKUM ammapaTroM BO3-
Hukan B XVII B. mpu pa3zpaboTke TEOpHH a3apTHBIX UTP C LETbI0 JaTh peKOMEHIa-
UM UTPOKaM. 3aTEM 3TH METOJbI CTAIA MPUMEHATHCS B MPAKTUKE CTPAXOBBIX KOM-
IIAaHUW 711 yCTAaHOBJIEHUS Pa3yMHBIX Pa3MEpPOB CTpaxoBbiX Npemuil. [locreneHHO
00JacTh MPUMEHEHHUSI BEPOSTHOCTHBIX METOAOB pacuiupsiiack. CeroaHs 3TH METO/IbI
UCITOJIB3YIOTCSI MHOTMX B MHOTHMX OOJIACTSX HAyKH M TeXHHUKHU. Llenbie pa3nensl co-
BpeMEHHON (U3MKH (B YaCTHOCTH, siiepHas ¢u3nka) Oa3upyroTcs Ha MaTeMaTuyde-
CKOM amnmapare Teopuu BeposTHocTed. [IIMpoko NMpuMeHSAIOTCS BEPOATHOCTHBIE Me-
TOJBl B COBPEMEHHOM 3JIEKTPOHMKE, PATUOTEXHUKE, TEOPUU CBSI3H, TEOPUHM aBTOMa-
TUYECKOTO PEryJMpOBaHUs, KHOCPHETUKE, BBIYUCIUTEIBHON TEXHUKE, TEOPUHU aBTO-
MaTU3UPOBAHHBIX CHUCTEM YIpPABICHUs. JTO U €CTECTBEHHO, TaK Kak pabdoTa coBpe-
MEHHBIX PaJIUOTEXHUUYECKUX, DJIEKTPOHHBIX CHCTEM IPOTEKAET B YCJIOBHUAX CIy4au-
HBIX BO3JIEHCTBUII, O€3 yueTa KOTOPhIX HEBO3MOXKHBI Pa3yMHOE MPOEKTUPOBAHUE TTO-
JNOOHBIX CHUCTEM U BBIOOp HMX KOHCTPYKTHUBHBIX MapameTpoB. Jlrobas mporenypa
YIOPABJICHHS 4eM Obl TO HU ObUIO (TEXHUYECKHM YCTPOWCTBOM, IPYIIION YCTPOUCTB,
YEJIOBEKO-MAIIMHHBIM KOMILJIEKCOM) IPOTEKAET B 3apaHee HE U3BECTHBIX, CIyYalHbIX
YCIIOBUSIX, HEU30EKHO COMPOBOXKAACTCS CIyYalHBIMH OLIMOKAMHU HM3MEPEHUS TeX
WIN JPYrUX NapaMeTpoB, OIIMOKAMU BBIMOJIHEHUS KOMaHA U T. J.; aHajlu3 paOOThl
TaKOW CUCTEMBbI IPAKTUYECKU HEBO3MOXEH 0€3 yueTa CiydailHbIX (paKTOPOB.

3HaKOMCTBO C METOJIaMH T€OPUU BEPOSITHOCTEM M MAaTEMATUYECKOW CTATUCTH-
KA HEOOXOMMO CErofHs KaKIOMY I'paMOTHOMY MHXeHepy. I He TOJIbKO MHXKEHEpY.
buonorus, ¢usnonorus, MeIuIMHA, COLUOJIOTUS aKTUBHO NMPUMEHSIOT BEPOSITHOCT-
Hble MeTonabl. He 4uyXIarTcs MX M Takue «UMCKOHHO T'yMaHUTApHBIE» HAyKH, Kak
IICUXOJIOT U, TMHIBUCTUKA, TUTEPATYPOBEICHUE, JAXKE ICTETUKA.

1.2. OcHOBHBIEC MOHATHS

Cnyuaiinoe senenue — 3TO SIBJICHUE, KOTOPOE MPU HEOTHOKPATHOCTH BOCIIPO-
U3BEJICHHS OJHOTO U TOTO K€ OIbITa MPOTEKAET KaXIbIH pa3 Mo-WHOMY, HEMpeacKa-
3yeMbIM 00pa3oM.

Onwtm — BOCTIpOU3BOAMMAsT COBOKYITHOCTD YCJIIOBUM, B KOTOPBIX (PUKCUPYETCS
TOT WJIA UHOMN PE3YJIbTarT.

Cnyuaiinoe coovimue — BCsikuii (pakT, KOTOPBIA B OTBITE CO CITyYalHBIM UCXO-
JIOM MOXKET IIPOM30MTH WiIu He niporn3oitu. O6o3Hauenue: 4, B, C, ....

Beposamnocmo cnyuaiinozo coovimusn — KoJIMueCTBEHHAs Mepa 00 bEKTUBHOM
BO3MOYKHOCTH €T0 OCYIIICCTBIICHHMS.



1.3. AkCMOMBI TeOpHUH BePOSITHOCTEI
PaccmoTpum HekoTOpbIid ONbIT. Kakaplii MCX0[ ombiTa 0003HAYUM 3JIEMEH-
TapubIM cobbrtneM W, 1 =1,2,...,N rae n — 4mcno ucxomoB gaHHOTO OmbITa. MHO-
’KECTBO BCEX BO3MOXKHBIX MCXOMOB OmbITa 00pasyror Q={W,,W,,..., W, }— yHuBep-
CaJIbHOE€ MHOYECTBO OIbITa HJIM IPOCTPAHCTBO 3JIEMEHTAPHBIX COOBITUH.

Q

Torna moboe ciydaitHoe coObITHE A, BO3MOKHOE B JAHHOM OIIBITE, €CTh HEKO-
TOPOE IMOJIMHOKECTBO YHHUBEPCATLHOro MHOKecTBa A € 2
A={w,W,,...,w_ }0<m=<n,

re M - YUCJIO UCXO0JI0B, OJArONPUSITHRIX COOBITHIO A.

CobbiTHe A HasbBaeTca docmogepuvim, ecmu A=C), 1. e. mpoucxoaur B
Ka)kJIOM OTIBITE.

CoOpITHE A Ha3bIBacTCS HEBO3MONHCHBIM, CCIIU A = @ , T. €. HUKOIrJa HC IIPO-
HCXOAHUT B JaHHOM OIIBITC

Ilpomueononoscuvim ¥ COOBITHIO A HA3BIBAIOT COOBITHE A, COCTOSAIISE B HE-
BBITIOJTHEHUH A, T. €. OHO ITPOUCXONT BCETa, KOT/Ia HEe TPOUCXOIUT A.

N

AN

CooObitiie C HaspiBaeTcsi cymmon coovimun A u B, C=AUB=A+B, eciu
OHO MIPOUCXOIUT TOT/IA, KOT/Ia IPOUCXOIUT 100 A, mubo B, mubo 06a 0JHOBpEMEH-
HO (XO0TsI ObI OJTHO COOBITHE).



o C=A_B=A+B

Co6ritrie C HasbiBaeTcs npouseedenuem coovimuii A u B, C=ANB=A-B,
ecau C MpOUCXOAUT TOTAA, KOTAa MPOUCXOAAT U A U B OTHOBPEMEHHO.

Q C=AnB=A4-B

2

CoObiTist A u B Hecoemecnmubl, eClii OHA HE MOTYT TIPOU30MTH OJTHOBPEMCH-
HO, T. €. A-B=0 .
CoOprtust Aj (I = 1, 2,..., n) 00pa3ylOT noaHyl0 2pynny, €CIIH OHU IONAPHO

n
HECOBMECTHBI M B CyMME 00pa3yroT JOCTOBEPHOE COOBITHE z A =2
i—1

[Tpu npeoOpa3oBaHUM BBIPAXKEHUN MOKHO MOJIB30BATHCS CIETYIOIMIMMHU TOXe-
CTBAMMU:

A+A=Q;,  AA=QZ; A+Q=Q, AQ=4  A-OT=0,
A+P=A, A+B=A.-B; AB=A+B; A+A-B=A+B.
Axcuoma 1. BepositHOCTB P(A4) ciydaitHOTO COOBITHS A €CTh (YHKIIUS MHOXKE-

CTBa DJIEMEHTAPHBIX UCXOO0B, OJArOMPHUSATHBIX COOBITUIO A, M BEPOSTHOCTH JTFOOOTO
COOBITHS IPUHUMAET 3HAYCHUS:

0< p(A) <1 (1.1)
npuuem P(J) =0, p(Q2) =1,
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Axcuoma 2. BeposiTHOCTh CyMMBI HECOBMECTHBIX CITy4ailHBIX COOBITHII paBHA
CyMMe€ BEPOSITHOCTEH 3THUX COOBITHH:

PC_A)=D P(A) A-A =3, Viz] 12)

CnencrtBue akcuom 1 u 2:
1= p(€2) = p(A+A)=p(A)+ p(A)= p(A) =1-p(A)

1.4. HemocpeacTBeHHBI NMOACYET BEPOATHOCTEM

CoObiTust A; ...An HA3BIBAIOTCS CIIy4YasMH, €CJIM OHH 00JIaJIat0T CICAYIOIIMMU
CBOUCTBaMU:

- coObITHS Ay ...A, HECOBMECTHBL A - A =, Vi= |;
- coObITHS Ay ...An 00pa3yloT ONHYO rpynmy, > A =Q;
i=1

- cobbITHA A, ...A, paBHOBO3MOXHEL P(A) =P, Vi.

[TycTh HEKOTOPBIN OMBIT CBOJUTCS K CXEME CIy4yaeB, TOTJa BEPOSITHOCTh COOBI-
TUSL A B 3TOM OIIBITE paBHA OTHOILEHUIO YHCIIa OJIATONMPUITHBIX CIy4yaeB K oOLIeMy
YUCILYy CIIy4aeB:
p(A)=T, (L3)
n
r7i€ M — 9ucio ciay4yaeB A; OJaronpUsTHBIX COOBITHIO A, T. €. BXOASIIMX B MHOXe-
cTBO A = {A; ...An /};
N — YUCIJIO BCEX BO3MOXKHBIX CIIy4acB.
Jlokazamenvcmeo. O4EBUIHO, UTO A=A +A, + ...+ Ap.
Tak kak A; HECOBMECTUMBI, TO OMPEIEIUM BEPOSITHOCTh COOBITUSL A 1O BTOPOI
aKCHUOME:

p(A)=pO A)=D p(4)=m- p,
i=1 i=1
n n 1 m
P =p_A)=>_pP(A)=n-p=1= p=—=pP(A)=—.
i=1 i=1
®opmyna (1.3) Ha3BIBACTCS KAACCUUECKUM ONpedeeHUeM 6EPOAMHOCIU Y
ucnosb3oBanachk kak onpeneneHue BepostHoctu ¢ XVII no XIX B. IIpu onpenene-
HUU 3HauyeHuid M, N B (1.3) MoryT oka3aTbCsl MOJIE3HBIMU ClIeAyIOIKe (HOPMYJIbl U3

KOMOWHATOPUKH.

1.5. OcHoBHBIE KOMOUHATOPHBbIE (GOPMYJIbI
[Tyctb umeeTcsst MHOKECTBO X = {X,, X,, .., Xn}, COCTOSAIIEE U3 N PA3IMYHBIX dIIe-

MEHTOB. YTOo4uHHM, 4TO (N, I')-8b6100pKOIl HA3BIBACTCS MHOXECTBO, COCTOsIIEE U3 I
9JIEMEHTOB, B3ATBIX U3 MHOXKECTBA X.
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Ynopaoouennoit HazpiBaeTcs BbIOOpKA, /Uil KOTOPOM BaXKeH MOPSIOK Cle10Ba-
HUS 3J1€MEHTOB. Eciy Kaxaplil 21eMeHT MHOXKecTBa X MOXKET U3BJIEKAThCS HECKOJIb-
KO pa3, TO BIOOPKA Ha3bIBACTCSI 6b1OOPKOIL C ROGHOPEHUAMU.

—_

Yucno ynopsimoueHHbIX (N, F)-BBIOOPOK (pazmeuyeruii) C TOBTOPSHUSIMH A:n 17}
0e3 moBTopenuit A(N,r) paBHO
A,]m — nm ’ ( 1 4)
AN =n(n-1)-...- (0~ (m-1) =" (15)
(n—m)! '
Ecnu r = n, To pa3MenieHus: 6€3 MOBTOPEHUI HA3BIBAIOTCS MEPeCmano8KaAMU,

T. €. 9TO PACIIOJIOKCHHUC IJICMCHTOB NCXOAHOTO MHOKCCTBA B OIIPCACIICHHOM IIOPAI-
ke. Yucno IIEPECTAHOBOK U3 N 3JIECMCHTOB PaBHO

n
P,=A,=1-2-..-n=nl, PB,=0!=1. (1.6)
ITycToe MHOKECTBO MOXKHO YIOPSAIOYNTH TOJIBKO OJHUM CIIOCOOOM — OCTaBUTh
BCE KaK €CTb.

—~

Yucno HeynopsmoueHHsix (N, r)-BeIGOPOK (couemanuii) ¢ moproperusimu C' 1

o r
6e3 nosropennii C, paBHO

“m~m_ (n+m-=1)!

Cn —~n+m-1 m!(n—l)! | (1-7)
Crr]n:n(n—l)-...-(n—(m—l)): n! | (1.8)

1.-2-3-...-m (n—m)Im!

Yucno pa3nuuHbIX pa3OMeHU MHOXKECTBA M3 N 3JIEMEHTOB Ha k HeTepeceKaro-
IMXCS TTOAMHOKECTB, MPUYEM B |-M MOJAMHOXKECTBE I, SJI€MEHTOB, BO 2-M I, dIe-
MEHTOB U T.A.,aN =1, + I, +... + I',, paBHO

n!

Pn(l’l,l’z,...,rk)zm ' (19)
l- 2---- k-
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Jleknus 2

2.1. 'eomeTpuyeckoe onpeaejieHne BeposiTHOCTE

Krnaccrnueckoe onpeneneHue BEpOSITHOCTH MPEANOJIAraeT, 4YTO YUCIO AJIEMEH-
TapHBIX UCXO0JIOB KOHEUHO. Ha mpakTuKe BCTPEUarOTCS OMbITHI, AJIsl KOTOPHIX MHOXKE-
CTBO TaKHX HCXOJOB OeckoHeuHO. UTOOBI MPEeoAOseTh HEJOCTATOK KIACCHUECKOTO
ONPE/ICIICHUS] BEPOSITHOCTH, COCTOSIIMNA B TOM, UYTO OHO HEMIPUMEHHMO K HCHBITAHU-
M ¢ O€CKOHEYHBIM YHCJIOM MCXOJ0B, BBOJSAT Fr€OMETPHUUECKUE BEPOSITHOCTH — BEPO-
STHOCTH TIOTIa/IaHUsI TOYKU B 00JIACTb.

[TycTh B HEKOTOPYIO 00JacTh CIy4yalHBIM 00pa3oM OpocaeTcst Touka T, mpudem
BCE TOUKHU 00JacTH () paBHONPABHBI B OTHOIICHHUH MOMAJaHUs TOUKH T.

Q A

Torz[a 3a BCPOATHOCTD IIOIIAaHUA TOYKHU T B obOmacTe A IMPUHUMACTCS OTHOIIC-
HHUC

p(A)= —2 gg; ,

rae S(A) u S(€2) — reomeTpryeckrue Mepsl (JITMHA, IUIOMIAAb, 00BEM U T. J.) 00JacTe
A u Q) COOTBETCTBEHHO.

(2.1)

2.2. TeopeMbl CJI0OKeHUS BEPOSITHOCTEMH

Teopema cnoscenun 08yx CayuauHvlx cOObimuii. BepossTHOCTb CyMMBI CIy-
YallHBIX COOBITUN A U B paBHa cymMMe BEPOSITHOCTEH STUX COOBITUI MHUHYC BEPOSIT-
HOCTbh X COBMECTHOTO IOSIBJICHUS:

P(A+B) = p(A) +p(B) —p(AB) (2.2)

Hokazamenvcmeo: Ipencrasum cobbitust A, B u A+ B B Bume cyMMBI TpEX HECOB-
MECTHUMBIX COOBITHIA:

A=AB+AB B=AB+A-B, A+B=AB + AB + A-B.
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Torga Ha OCHOBaHWU BTOPOW aKCHOMBI

p(4) = p(4-B) + p(4-B) (2.3)
p(B) = p(4-B)+ p(4-B) (2.4)
p(A+B) = p(4-B) + p(4-B)+ p(4-B) 2.5)

Boipasum P(A - B) us pasencrsa (2.3):
p(4-B) = p(4)— p(4-B),
a P(A4-B)us pasencrna (2.4):
p(4-B)= p(B)—p(4-B).
Ioactasum P(A-B) u p(A-B) B Bripaxkenue (2.5) u nocne npeobpazoBaHuii Mo-
TY9UM:
p(A+B) = p(4)~p(4-B)+ p(AB)+ p(B)-p(4-B)=p(4) + p(B) - p(4B).

Teopema cnosxcenusn 0aa N cayuaiHplx coovimuii. BepossTHOCTH CyMMBI N CO-
OBITHI A1’ ..., Ay paBHa

(O A)=3 p(A)-T p(AA)+.+

=1 i1y

=D ) PAA,A )+t (D p(AA,..A),

bl el

(2.6)

o k
TJIC YMCITO ciaraeMbix B K-if cymme pasuo C. |, T. e. mepeGuparoTcst BCe BO3MOKHBIE

coyeranus u3 K ciaaraeMeix.

Jloxazamenvcmeo. Vcnosib3yeM METOJ MaTeMaTH4YecKoul WHAyKiuu. OmHako,
JUIS. 9KOHOMUU BPEMEHHM M MECTa, JIOKaKeM MepexoJ]i OT M ciaraemblx K M+1 s
caydast m = 2. Jlokaxem, 4To

P(A+A +A)=p(A)+p(A)+p(A)+P(AA)+ P(AA)+ P(AA) - P(AAA),
ecrn P(A +A)=p(A)+p(A)-pP(AA).
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O6o3naunm B = A, + A,
P(A+A +A)=p(A+B)=p(A)+p(B)-p(AB)=p(A)+ p(A, + A) — p(AA, + AA) =
= p(A)+ P(A) + p(A) — P(AA) — P(AA) — P(AA) + P(AAA),
yTO U Tpe60BaJIOCI> J10Ka3aThb.

Ha npakxTuke, ¢ yderom Toro, uro P(A) =1-— p(A), BEPOATHOCTH CYMMBI N
coOwITHI (ecniu N>2) ynoOHee BBRIYUCIATE O GopMyJie

PA+A +..+A)=1-p(A+A +..+A)=1-p(A-A-...A).(2.7)

2.3. YcaoBHAasi BEpOSTHOCTH

Panee cmydaiiHOE COOBITHE ONpPENENSIOCh KaK COOBITHE, KOTOPOE IpH OCY-
HIECTBJICHUHY COBOKYITHOCTU YCIIOBUM (OTBITAa) MOKET MPOU30UTH WU HE IPOU3OMNTH.
Ecnu nipu BeIUKCIIEHUH BEPOSITHOCTH COOBITHSI HUKAKUE JPYTUe OrpaHUYCHUs, KpOME
ATUX YCJIIOBUH, HE HAJIATaeTCsl, TO TAaKyl0 BEPOSATHOCTh HA3bIBAKOT He3ycnoenou. Ecim
K€ HajararoTcs W JAPYrue JIOMOJIHUTEIbHBIE YCIOBHUS, TO BEPOATHOCTH COOBITHS
HA3bIBACTCS YCNOBHOU.

[IpoBoauTCA ONBIT CO CIy4alHBIM HMCXOAOM, B pPeE3yJIbTaT€ KOTOPOTO
BO3MOXHBI J1Ba COObITHSI A U B. Ycnoenoii eepoamnocmouro P(B/A) Ha3biBaeTcs
BEPOSITHOCTh COOBITHS B, BBIYMCIEHHAs TMPHU YCIOBUU ( B MPEINOJIONKEHUH), UYTO
coObITHE A TPOU3OILIO.

2.4. 3aBucuMbIC M HE3aBUCHUMbIE COOBITHSA

CoObiTHe A Ha3bBIBACTCS HE3ABUCUMBIM OT COOBITHS B, €ciii €ro BEpOSATHOCTh
HE 3aBUCUT OT TOIO, NPOM30LUIO B WM HET, T. €. BBIIOJHIETCS KPUTEPU
HE3aBUCUMOCTH:
P(A)=p(A/B)=p(A/B). (2.8)

B npoTtuBHOM citydae, T.€. KOTJla KpUTEpHUd HE BBIMOIHIETCS, COObITUE A 3aBUCUT OT
coObITHs B.

3aBUCHUMOCTb U HE3aBUCUMOCTb BCETJa B3aUMHBI, T.€. €CJIM COObITHE A HE 3aBU-
CUT OT coObITUA B (cM. (2.8)), TO 1 cOObITHE B HE 3aBUCUT OT COOBITUS A

p(B)=p(B/A)=p(B/A). (2.9)

2.5. TeopeMbl YMHO:KEeHHS BEPOSITHOCTEI

Teopema ymuoosrcenusn eepoamuocmeit 014 06yx codvimuii. BeposTHOCTb Ipo-
U3BEJICHUSl IBYX COOBITHI paBHa BEPOSTHOCTH OJHOIO M3 HHUX, YMHOXCHHOH Ha
YCIOBHYIO BEPOSITHOCTH BTOPOTO NMPHU HATMYHH [IEPBOTO.

P(AB) = p(A)p(B/A) = p(B)p(A/B). (2.10)
Hokaszamenvcmeo. [lokaxem (2.10) nnst cxemsl ciaydaeB. [lycTh B onbITe BO3MOKHBI
N HECOBMECTHMBIX U PaBHOBO3MOXHBIX HCX0A0B. COOBITHIO A COOTBETCTBYET M
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ucxonoB coOwiTHio B — K mcxomoB. B | wmcxomax coObitst A u B TIPOUCXOMST
OJIHOBPEMEHHO.

oooooooooooooooooooooooooooooooooooooooooo

m k I
Ouesnpno, uto P(A) = ' p(B) = P pP(AB) = n (em. (1.1)).
Bbruncinum ycioBHYI0 BEPOATHOCTb P(B/A), T. €. BEpOSITHOCTb COOBITHS B B Ipero-
JOXEHUH, 4T0 A mpousonuio. Eciau u3BectHo, 4To COOBITHE A MPOU30ILIO, TO U3 pa-

HEC BO3MOXKHBIX N CiIy4aceB OCTAXOTCA BO3MOXXHBIMHU TOJBKO T€ M, KOTOPBIC onaro-

|
IPUATCTBOBAIU coObITHIO A. W3 Hux | GnarompusaTthel cobbituio B = P(B/ A):E'

AHAJIOTUYHO BBIYUCIIAM YCIOBHYIO BeposSiTHOCTE P(A/B), T. €. BEpOATHOCTH COOBITHSI

I
A B npexanonoxenuy, uro B npousormno: P(A/B) e [ToncTaBuM HaiiIEcHHBIE Be-

| m | k 1
postHoctu B (2.10); — = —-—=—-—

N n m n k
YTO U TPEOOBAIOCH JI0Ka3aTh. OUEBHIHO, YTO OE3pa3IMYHO, KAKOE M3 COOBITUH CUU-
TaTh IMEPBBIM, a KAKOE BTOPHIM.

Teopema ymuoosicenus gepoamuocmeit 0as N coovimuil. BepoSTHOCTH TTPOU3-
BeJIeHHS N cOObITUM A; ...A, paBHa

P(A-A - A)=P(A)- P(ATA) P(ATA-A) . p(ATA Ay AL (211)
rae P(A/A-...- A_;)) - BepOoITHOCTb MOSIBICHUS COOBITHS Ay, TIPH YCIIOBHH, YTO
coosiTust A, A,,...,A_; B JaHHOM OIBITE IPOU3OLILIH.

Hokaszamenvcmeo. Vicnonszyem MeToj MaTeMaTHuecKoil MHAyKuuu. OmHako
JUTSl 5KOHOMHUHM BPEMEHU M MECTa JIOKaXKeM Mepexo]l OT M COMHOXKuUTeNne k m+1 nis

ciydas m = 2. Jlokaxem, uto P(AAA;) = P(A) P(A /T A)P(ATAA),
ectn P(AA) = p(A)P(A,/A). O6o3naunm B = A A, , Torna
P(AAA) = p(BA;) = p(B)p(A/B) = p(AA) P(A T AA) = p(A) P(A T A) P(A T AA),

9TO U TPeOOBAJIOCH T0KA3ATh.
Ecnmu cobbitust A; ...A, HE3aBUCHUMBI, TO BEPOSTHOCTH MPOU3BEICHUS paBHA
MIPOU3BEICHUIO BEPOSTHOCTEH STUX COOBITHIA:
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PA-A .- A)=P(A) - P(A)--..- P(A), (2.12)
a BepoatHocTh P(A + A, +...+ A ) osBIeHHS XOTS ObI OIHOTO COOBITUSL A3, Aj...An
paBHa (cM. (2. 7))

PAA+A+..+A)=1-p(A-A-...A)=1-p(A)p(A).... p(A). (2.13)

2.6. BeposiTHOCTH 0€30TKa3HOM padoThI ceTH
CoObiTe B - 6e3oTkazHas paboTa ceTH, cocTosiie U3 N He3aBUCUMO paboTa-
rorqux »nementos A;. Hazexnocts P(A) =P (BeposTHOCTh Ge30TKa3HON pabOTHI)

KaXJI0ro 3JieMeHTa u3BecTHa. HeoOxonumo ompenenuTs BEepoSITHOCTh 0€30TKa3HOU
paboThI CETH B LIETIOM.

PaCCMOTpI/IM IHoCJICA0OBATCIbHOC COCAMHCHUC 3JICMCHTOB:

;fl 1 44 pl iqn

— > - e ——

Ouesugno, uro B=A-A,-...- A ,a ¢ yuerom (2.12)
P(B)=P(A)-P(A)-..- p(A) =P P, - Py (2.14)

JIns1 mapajuieIbHOTO COCTMHEHUS

— -4 1 >
- A - »
—p L 5

A,

\J

B=A+A+...+ A, acyderom (2.13)
P(B)=1-p(A-A-..-A)=1-0-G-...q,
rae o =1-1p;.
Cetu c 110001 IpyTroi cxeMor COeMHEHUsI BCErja MOXKHO MPEICTaBUTh B

BHUJC y4aCTKOB 00 ¢ IIOCJICA0BAaTCIIbHBIM, 0o ¢ napaJuiCJibHbIM COCAWHCHUCM H

BEPOSITHOCTh 0€30TKa3HOW PabOThI CETH OIPEICIIUTh TOCICIOBATEIBHO, TPUMEHSIS
dopmyel (2.14) u (2.15).

, (2.15)
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Jleknusa 3

3.1. ®opMyJia MOJIHOI BEPOATHOCTH
CrnenctBueM o0E€MX TEOPEM BEPOSITHOCTH — TEOPEMBI CIIOKEHHSI U TEOPEMBI
YMHOKEHHSI — SBIIICTCS (POPMYJIIa MOTHOU BEPOSTHOCTH.
[TycTh IPOBOAUTCS OMBIT, 00 YCIOBHSIX KOTOPOTO MOXHO ClIeiaTh N UCKITIOYa-
IOITUX JAPYT ApyTra TpeanosioKeHui (THoTe3), 00pa3yoImuX MOJHYIO TPYIIIY:

H,H,,.., H

n?’

HiHj =0, 1# ] ’;Hi =Q

Kaxxgast U3 TUMoTe3 OCyIIeCTBISETCS CIydyaliHbIM 00pa3oM U MPEACTABISET CO-
0011 ciydaitHoe coObITHE. BEposITHOCTH THIOTE3 U3BECTHHI U PaBHBI:

P(H,) P(H,).-., P(H,) D P(H) =1,

PaccMoTpuM HekoTOpoe cOObITHE A, KOTOPOE MOXET MOSBUTHCA TOJBKO BMeE-
CT€ C OAHOM M3 rUmnoTe3. MI3BeCTHBI YCIOBHBIE BEPOSITHOCTH COOBITHS A ISl KaXK10M
U3 TUIIOTE3:
P(A/Hy), p(A/H,), ... p(A/H,).
Tpebyetcs onpenenuts NoaHYyI0 (0€3yCI0BHYI0) P(A) BEPOSTHOCTH COOBITHS A.
[IpencraBuM coObITHE A Kak CyMMY U3 N HECOBMECTUMBIX BapUaHTOB:
A=A-Q=A-(H,+H,+..+H )=A-H +A-H,+..+ A-H_.

Ha ocHoBaHnum BTOpOM aKCHOMBI
p(A = p(H, A).
i=1
C yuyetom TeopeMbl yMHOKeHuUs BepositHocTerd P(H;A) = p(H;)p(A/H;), Torna

(A= P(H,)- PATH,). @

3.2. ®opmyaa baiieca

dopmyna baiteca 6a3upyercs Ha (opMmylie MOJTHON BEPOSITHOCTH M TEOpEME
YMHOEHHUS BEPOSATHOCTEM.

[TycTh 10 mpoBeeHHsI HEKOTOPOTO OIbITa 00 €ro YCIOBHSIX N MOXKHO CAENaTh N
UCKJTIOYAIOIIUX APYT JIpyra NpeanoioKeHul (TUIoTe3), 00pa3yomux MoJHY0 Tpy-

ny:

H,,H,,..., H

17 21y n?’

HH, =, i= j ,;Hi =Q
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BeposiTHOCTH THTIOTE3 710 OTBITA (ATPUOPHBIE BEPOSATHOCTH ) H3BECTHBI:
P(H1), p(H2), ... p(Hp).

OmnbIT IPOU3BE/ICH, W MPOU30ILI0 HEKOTOpoe coObitne 4. Tpebyetcs ompene-
JIUTHh BEPOSTHOCTH THIIOTE3 C YYETOM TOTO, YTO MPOMU3OIIIO COOBITHE A, T. €. onpe/e-
auTh aroctepruopubie BepositHocTH: P(H1/A), p(HJ/A), ... p(H/A).

BeposatHocTh TOro, 4TO COOBITHE A TPOU3OIILIO COBMECTHO C Hj, HA OCHOBAaHUU
TEeOopeMbl YMHOXKeHUs BepositHocTel (2.10) paBHa

p(HA) = p(H) p(A/H) = p(A)p(H; / A).
OT6pocuM JIeBYyIO 4acTh paBEHCTBA U BhIpa3uM P(Hi/A):
H.)p(A/H.
o(H, / Ay = PLHIP(ATHL)
P(A)

Packpoem p(A) o hopmyte mostHo# BeposTHOCTH (3.1) 1 monyuum Gopmyny baiieca

Zp(Hj)p(A/Hj)

®opmyna baiieca mO3BOJIAET MEPECUYNUTATH AIIPUOPHBIE BEPOSITHOCTH THIIOTE3 C

(3.2)

Y4CTOM TOI'O, YTO OIIBIT 3aBCPIINJIICA coOBITHEM A.

3.3 Teopema 0 NOBTOpPeHNH ONBITOB

[TycTh MPOBOAATCS N HE3ABUCHMBIX 0OUHAKOGBIX OTBITOB, B KAXKIOM M3 KOTO-
PBIX COOBITHE A TIOABISCTCS C BEPOATHOCTHIO p. BepostHocTh P(N,K) TOro, uTo coObI-

THEe A POU30HAET pOBHO B K ombITax, paBHa (popmyna bepuynnu)
I

ek ok kN K Nk
P(n,k)=C,-p"-q —k!.(n_k)!p q,0<k<n, (3.3)

r7e (| — BEpOSTHOCTH TOTO, UTO A HE MOSBUTCS B OJTHOM OmbITe, = 1 — p.

Hoxazamenvcmeo. O003HaunM vepe3 By nosBieHre coObiThs A B K onbiTax u
nosiBerne A B N - K ombitax. CoGbitie By MPECTaBIISIET COO0M CyMMYy HECOBME-
CTUMBIX COOBITHIM

Bo=AA AAL AL At AA A LCA AL A

n—k n—k k

rne A, A,1=12,...,N — nosBieHrE U HE MOSBJIICHUE COOBITHE A B i-M OITBITE.
OnpenenuM BEpOSITHOCTh OJHOTO U3 cjiaraeMbiX. Tak Kak BCe OMbBITHI OJAMHA-
KOBbBI, TO BEPOSITHOCTH BCEX BAPMAHTOB OJINHAKOBBI U PaBHBI

PA-A- o A-AL AL A)=p preP-G-G-ng = p g™,

n—k
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KonruecTBO BapraHTOB TaKUX CIIOKHBIX COOBITHH PaBHO YUCITY BBIOOPOK K HO-

MEpOB ONBITOB M3 N BO3MOXKHBIX, B KOTOPBIX MPOU3OUIAYT COOBITUSL A, T. €. PaBHO
o r
qrciy coueTaHuii 6e3 moropenus snementoB C . Tak Kak 3TH COOBITHS HECOBME-
CTHUMBI, TO HA OCHOBaHUHU BTOPOIl aKCHOMBI
_ _ (K nk a0k
p(B)=P(n,k)=Cy-p -q"".

CoiictBa GpopMyibl bepryu:

1. IIpaBas gactb Gopmyisl (3.3) mpeacTaBiseT co00i OOUTUI WICH Pa3I0KEHUS
ouHoma HeroToHa:

(@+p)" =D P(nk)=> Cip‘q"* =1 (3.4)
k=0 k=0
2. PexyppentHas ¢opmyna P(n,k) umeer Bua
n-k p
P(n,k+1) =——-—P(n,k). _
(nk+D)="—7 ] (n,k) (3.5)

3. Yucio Ko, KOTOpoMy COOTBETCTBYET MaKcHMalbHas BepostHocTh P (N, K,),

Ha3bIBACTCA HCZUS@pOﬂWlHeﬁWMM yuc10M TIOSIBIICHUS COOBITHS A U OIIpCACIIACTCA HC-
PaBCHCTBAMHU

np—g<k,<np+p. (3.6)
,ZZOKCZS’ame]ZbCWl@O.

P(n,k) k+1 q K+l 9

a P(nk+1) <P k)o1K P 1 esksmp_q.
k+1 ¢

Urak, mpu kK <np —q ¢ynkuus P(n,k) Bo3pacraer, a mpu K >np —q— yOsiBa-
eT. Torga cymectByeT Touka Ky, B kotopoii P(n,k) mocturaer makcumyma, T. €.
P(n,k,) > P(n,k, —1)
P(n,k,) < P(n,k, +1) °
PemmB naHHyr0 CHCTEMY HEPABEHCTB OTHOCUTEIBHO Ko , mosryunm (3.6).
4. Bepositocts P(N,k; <k <Kk,)Toro, uto B N ombiTax cxembl bepHysin coObI-
tie A nosisurcs ot Ky 10 ky paz (0<k, <k <k, <n), paBua
k2 k2
P(n,k, <k <k,)=> P(nk)=> Cip“q" ™" (3.7)
k=k, k=k,
5. Bepostaocts P(N,1<K<n) Toro, uro B N oneitax coObITue A MOSBUTCA XOTA

OBl OJIUH pa3, paBHA

P(n,1<k<n)=1-P(n,0)=1-q". (3.8)
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HYCTB IMPOU3BOAUTCH N HE3aBUCHUMBIX OIIBITOB, K&)KI[I)IIZ N3 KOTOPbLIX UMECT r

(r>2) momapHO HECOBMECTHBIX M €IWHCTBEHHO BO3MOXKHBIX MCXOIOB AA,... A cC

BEPOATHOCTAMA p, = P(A), P, = P(A), ..., P, = P(A).

TpebyeTcst ONpeneuTh BEPOATHOCTD TOTO, YTO U3 CEPUH N HE3aBUCHUMBIX OIIbI-
toB ucxon A, nacrymut K, pas, A —K,,... A =K, (k,+k, +..+k. =n) 10
Ktk +4K) ’

_( 1 r
AULHO e PPy (3.9)

[Tpu Gompmux 3HayeHUsXx N (N>100) Bmecto dopmynsl bepHymm Moryt
OBITH HCITOJIB30BAHBI 0o0JIee MPOCThIE MPUOIMKCHHBIE GopMyibl. Eciin kKoimm4yecTBO

UCIBITAHUA BETUKO N —> 00, a BEPOATHOCTh COObITUA Mana P —> 0, Tak uto P << T ,
n

TO BMeCTO (popMyJibl bepHyIm MoKeT ObITh HCTIONB30BaHa ¢hopmyna Ilyaccona:
k

P(n, k) z%e (3.10)

re a=np.
ECJ'II/I KOJIMYCCTBO I/ICHBITaHI/Iﬁ N BEJIHUKO, a BCPOATHOCTHU p J51 q OJHOBPCMCHHO
HC MaJIbl, TaK YTO BBIIIOJIHAIOTCA CIICAYIOIIUC YCIIOBHUA

0 < np—3, /npq
np+3/npg <n’
TO BMecTO opMyiibl bepHyinu npumeHstor ¢popmyny Myaspa-Jlannaca:

P(n, k) ~

_(k—np)z} (3.11)

1
———F—€Xp
V27 - \Jnpg [ 2npq
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Jlexuus 4

4.1. Cayuaiinble BeJIMYUHBbI. 3aK0H pacnpeiesieHusi BeposITHOCTel

[lox cayuaitnoii eéenuyunoii (CB) nonuMaercs BEIMYMHA, KOTOpasi B pe3yibTa-
T€ ONBITA CO CIIYYAMHBIM UCXOAOM MNPUHUMAET TO WJIK MHOE 3HAYCHHUE, IPUYEM 3apa-
Hee, JI0 OMbITa, HEM3BECTHO, KAKOE UMEHHO.

CrnydaitHple BeTUYUHBI OyJneM o00o3HauaTh OonbIIMMU OykBamu: X, Y, Z; ux
3HAYEHUS — COOTBETCTBYIOIIMMH MaJIbIMU OyKBamu: X, Y, Z, a {dx — MHOXKECTBO BO3-
MO>KHBIX 3HaYCHUHN BEIUYHUHBI X.

[IpuMeps! CiydallHbIX BEJIUYUH:

1. OnpIT — OPOCOK OJTHOM UTPaNbHOM KOCTH; CIIydaliHble BEIWYUHBI X — YUCIIO
BhinaBIimx oukoB; Qy = {0,1,2,3,4,5,6}.

2. OnsIT — pabota 9BM 110 nepBoro orkasa; ciiydyaiiHble BEJIMUHUHBI X — BpeMsl
HapaboTKH Ha oTKa3; {2y =(0,0].

B 3aBucumocTH OT BHJla MHOXeCTBa ()x Cily4ailHble BEJTUYHHBI MOTYT OBIThH
JTUCKPETHBIMH U HETIPEPHIBHBIMHU.

Cnyudaitnasa BenuunHa X Ha3biBaeTcsl ouckpemuoi (JICB), eciin MHO)keCTBO (2
CYETHOE, T. €. €r0 JIEMEHTHI MOKHO PACIIOJNIOKUThH B ONPEIEICHHOM MOPAJIKE U MPO-
HYMEpOBaTh.

CayyaitHas BennurHa X Ha3bIBACTCA HenpepwvleéHoil, HeNUCKpeTHO! (HCB), eciu
MHOXeCTBO {)y — HECUETHOE.

3axonom pacnpedenenus CiiydalHOW BeIMYMHBI X Ha3bIBaeTCs Jit00ass PyHKIIMS
(mpaBwiio, TabAMIA U T. 1.), YCTAHABIMBAIOIIASA COOTBETCTBUE MEXKAY 3HAYEHUSIMHU
CIIy4aifHOUM BEJIMYMHBI U BEPOSTHOCTSAMHU WX HACTYIUICHHUS U MO3BOJISIFOIIAS HAXOJHTH
BEPOATHOCTH BCeBO3MOKHBIX coobiTuii P{a < X <b}, Va,b, ceazannsix co cuy-

YalHOUW BEJIMYUHOU.

4.2. dyHkuus pacnpeaeaeHus

@yukyuen pacnpedenenus F(X) ciyuaitHol BennduHBI X Ha3bIBACTCS BEPOST-
HOCTh TOTO, YTO OHA MPUMET 3HAYCHHE MCHbIIICE, YEM apTyMEHT (PYHKITUH X:

F(x) =p(X<x) (4.1)
CBolicTBa (QyHKITUHU PACTIPEICIICHHUS:
1. F(-0) =0.
2. F(+0) = 1.

3. F(x1) < F(x2), mpu X1 < Xp.
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Jloxkazamenbcmeo.

Y

A
v

X

Y

X 1 X

()

A={X<x1}, B={x;<X<x,}, C={X<Xx,}, Trorma
C=A+B, p(C)=p(A)+p(B), p(C)=F(x2), p(A)=F(x1), F(x2)=F(x1)+p(B), p(B)<0=
= F(X]_) _<F(X2).

4. BepoATHOCTb ONAIaHNsI 3HAUEHUS! CIIy4ailHOM BEJIMYMHBI X B HHTEPBAJL:

p(x, <X <X%) =F(x) — F(x). (4.2)

Hokazamenvcmeo. P(X1<X < X,) =p(B)=p(C) —p(A)= F(x,) — F(Xy).

[TponsToCTpUPyEM TH CBOMCTBA C IIOMOIIBIO HATJIAAHON F€OMETPHUECKON HMH-
TeprnpeTamuu. JJis 3T0ro pacCMOTPHUM CIy4YaiHYyIO0 BEIMUYNHY KaK CIIy4alHYIO TOYKY
X Ha ocu OX, KOTOpast B pe3yJIbTaTe OIMbITA MOXKET 3aHATh TO MM HHOE IOJ0KEHHUE.

X<x
-

L] A’ P
X

Torna ¢yukius pacnpezaeneHust F(X) ecTb BEpOITHOCTb TOTO, YTO Cy4alHas
Touka X B pPe3ysIbTaTe OIbITa MOMAJIET JeBee TOUKHU X. YBEIUUUBAEM X, IlepeMenias
TOYKY BIIPABO IO OCH aOCITMCC, OYCBUIHO, YTO MPH 3TOM BEPOSITHOCTH BBITIOJIHCHHUS
HepaBeHCTBAa X<X yObIBaTh HE MOXKeET (cBoicTBO 3). [Ipu yMeHblieHUH X O —© —
coObITHE X<X CTAHOBHUTCS HEBO3MOXHBIM, T. €. F(—0) = 0 (cBoiicTBO 1). [IpH yBeau-
YCHHHM X 70 +00 - TOCTOBEPHBIM, T. €. F(+00) = 1(cBoiCcTBO 2).
OyHKIUS pacrpeesieHHs] UCTIONIb3YeTCsl PU PACCMOTPEHUH KaK JUCKPETHBIX,
TaK 1 HETIPEPHIBHBIX CIIYYAMHBIX BEJTUUHH.

4.3. Psaix pacnpeaeeHust
Jlyst onivcaHusi TUCKPETHBIX CIyYaHBIX BEJIMYUH Hapsay ¢ QyHKIme# pacrpe-
nenenust F(X) ucrmonb3yeTcs psij pacrpeieieHus: BEpOSITHOCTEH.
Psaoom pacnpeoenenusn nuckpetHoii CB X HaszpiBaeTcs Tabnuiia, B BepxHEH
CTPOKE KOTOPOH IEPEUMCIIEHBI BCE BO3MOKHBIE 3Ha4UeHusA CB Xy, Xz, ..., Xn (Xi1 < X)), a

B HYDKHEH — BEPOATHOCTU MX MOSBIEHHSA Py, P,, ..., P, Tae P = p{X =X }.
X, X1 X, X,
Pi P, P, P,
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Tak kak coObiTHs {X = Xi},..., {X = X, } HECOBMeCTHBI U 00pPa3yIOT MOJHYIO

IpYIILy, TO COPABEIIMBO KOHTPOJIBHOE COOTHOIIEHUE
p,+ P+ ... +p,= 1. (4.3)

Mnozoyzonbnuk eéepoamuocmeii ecTb TpauuecKoe U300paKE€HUE psiia pac-
npeneneHus BeposTHocTel. I1o ocu abcuuce OTKIaABIBAIOTCS BO3MOXKHBIE 3HAYEHUS
CIy4YallHOW BEJIMYMHBI, 4 IO OCH OPAMHAT — BEPOSATHOCTU ITUX 3HA4YeHUU. [[ns
HAaIJISIAHOCTH TIOJIYYEHHBIE TOYKH COEIMHSIOTCS OTPE3KAMH NPSAMbIX. MHOrOyrosib-
HUK PACHpPENEIICHUs TaK K€, KaK U PSAJ PaCHpENeIICHUs, ITOJHOCThIO XapaKTEPU3yeT
CIIy4ailHyI0 BEJIMYMHY U SIBJISI€TCA OAHOU M3 POpPM 3aKOHA pacIipeiesICHHUs.

OyHKIMSA pacnpeaesIeHus 000N TUCKPETHOU CIydailHON BEJIMYHHBI €CTh pas-
pBhIBHAsi cTyneH4aTas (DyHKIMS, CKQuKHM KOTOPOW MPOUCXOJAT B TOUKAaX, COOTBET-
CTBYIOIIIMX BO3MOKHBIM 3HAYEHHSM CIy4ailHON BEJIIMYMHBI, U PABHBI BEPOSTHOCTSIM
ATUX 3HAYCHUM:

F(X)=> p(X=x;) (4.4)
X <X

r7ie CyMMHPOBaHHUE PaCIPOCTPAHSAETCS Ha BCE 3HAUEHUS X;, KOTOPHIE MEHBIIIE X.

4.4. IlnoTHOCTH pacnpenejeHust

CrnyuaiiHas BenuunHa X Ha3bIBACTCA HENPEPbIGHOIl, eciii ee PYHKIUS pacipe-
nenenust F(X) — HenpepsiBHAs U quddepeHmpyemMas GyHKIUS I BCeX 3HAYCHUI
apryMeHTa.

s HempepbIBHOW (YyHKIHMU pactpenesneHus F(X) BEeposSTHOCTH JTr000TO OT-
JICJIBHOTO 3HAYEHUsI CITy4yallHOM BEJIMYMHBI JOJDKHA OBITh paBHA HYJIIO, T. €. HE JIOJIXK-
HO OBITh CKauKOB HU B OJHOM TOuke. Takue coObITHS — BO3MOXKHBIE, HO C HYJIEBOU
BEPOATHOCTHIO — MOSIBJISIOTCS TOJIBKO MPU PACCMOTPEHUU OMBITOB, HE CBOAALIUXCS K
CXEMe€ CcyyaeB. JTO aHAJIOTUYHO TENly, UMEIOIIEMY ONpeAeSIEHHYI0 Maccy, HO HU OJI-
Ha W3 TOYEK BHYTPH TeJla KOHEUHON Maccoil He oOiamaer. Mamblii 00bemM o0jamaer
KOHEYHOI Maccoi, HO OHa MPUOJIMKAETCA K HYJIO IO MEpe YMEHBIICHHUsI 00beMa U B
npeserne paBHa HYNIO JUIsl TOYKH. TO €CTh MpU HEMPEPHIBHOM paclpeieICHUH BEepo-
SATHOCTEW BEPOSATHOCTH MOMAJaHUS Ha CKOJb YTOJHO MaJblii y4acTOK OTJIMYHA OT
HYJISl, TOTJ]a BEPOSITHOCTh TMOMAJaHusi B CTPOTO OMPEACIEHHYIO TOYKY B TOYHOCTHU
paBHA HYJIIO.

BeposiTHOCTh TONaiaHKsI HEMPEPBIBHOM Cy4yalHON BeIMYMHBI X HAa Y4acTOK OT
X 10 X+AX paBHa IpUpaIICHUIO0 (PYHKIIUN pacTpeieTICHUs] Ha STOM y4acTKe:
p{x< X < x+Ax}=F(x+Ax) — F(x). Torma rmioTHOCTb BEPOSTHOCTH Ha 3TOM yYacCTKE
p{Xx < X < x+ Ax}

AX

HOCTb BEPOSATHOCTH B TOUKE X:
lim p{x < X <X+ Ax} _lim F(x+Ax)—F(x) _ dF (x)
AX—0 AX Ax—0 AX
[Tonyuennast QyHKIMS SBISETCS OJHOM U3 POpPM 3aKOHA pacrpeeieHUs: Hempe-
PBIBHBIX CIIy4alHbBIX BEJIUYMH.

aBHaA . Ilepexonsa k mpeneny npu Ax —0, DOJYy4YUM ILIOT-
p p p y up yq

=F'(x) = f(x).
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IThomnocme pacnpedenenus (TWIOTHOCTL BeposiTHOcTH) f(X) HempepbIBHOM
CllydaliHOW BeaMuuHBI X XapaKTepU3yeT IUIOTHOCTh BEPOSTHOCTH B OKPECTHOCTSX
TOYKHU X M PaBHA IPOM3BOIHON €€ PYHKIIUHU pacrpeieICHUs

f(x)= dF(X) “F'(x), (4.5)

a rpaduK TUIOTHOCTH pacIpe/ieJICHHs Ha3bIBaeTCsl KPUBOM pacmpeie/iCHusI.

[TycTs MMeeTcst TOUKA X M MPHIIETAIONINH K Hell oTpe30k dX. BeposTHOCTh mona-
JaHWUS CIIy9aliHON BeIMUMHBI X Ha 3TOT HHTepBai paBHa f(X)dX. DTa BeawunHa Ha3bI-
BACTCSI 2/1IEMEHMOM 6€PosimHocmu. BeposTHOCTh MOMaaHus CITydaifHONH BETMYHHBI
X Ha TPOM3BOJILHBIN Y4acTOK [@, D) paBHa CyMMe 3JIEMEHTOB BEPOSTHOCTH Ha 3TOM
y4acTKe:

b
pla< X <b}= [ f(x)dx. (4.6)

B reomerpuueckoii matepnperanun P{a< X <b} pasma miomaau, orpanu-
YEHHOW CBEPXY KPUBOM IUIOTHOCTHU pacnpenencHus f(X) u yuactkom [a, b).

CootHorienue (4.6) mMo3BoJisAeT BhIpa3uTh GYyHKIHIO pacrnpeneicaus F(X) ciy-
YailHOM BEIMYUHBI X Yepe3 €€ TNIOTHOCTh:

F(X)= p{X <x}= pf—o < X <x}= j f (t)dt. (4.8)

OCHOBHBIE CBOMCTBA MIJIOTHOCTH PAaCOPEACIICHUS:

1. [TnoTHOCTH pactpenenenus HeoTpunarenbHa f(X) > 0, Tak kKak ee MepBOOO-
pasHas F(X) sBnsercs HeyObIBarotel ¢pyHkiuei (cM. cBoiictBo 3 F(X), moapasm. 4.2).
[TnotHOCTH pacnpenenenus paBHa Hymo (f(X) = 0) amg Tex 3HaUCHHWE X, KOTOpBIC
cilydaiiHasi BeMurHa X HUKOT/Ia He MPUHUMAET B OIIBITE.

2. YcIoBUE HOPMUPOBKH: _[ f (x)dx = p(—0 < X <+0) =1, (4.9)

—00

[Tonnast mmoniaab, orpaHuYeHHAs] KPUBOM paclpeIeIeHHs U OChI0 adcIuce,
paBHa 1.
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Jleknusa 5

5.1. YncjioBble XapaKTEPUCTHKH CJAYYANHOH BeJIMUYNHBI
3aKOH pachpe/iesieHUs] CIIydyallHOM BEJIMYMHBI SIBJIETCS MCUEPIIbIBAIOLICH Xa-
PAKTEPUCTUKON, KOTOpasi MOJHOCTHIO OMHUCHIBAET CIyYalHYIO BEIMYUHY C BEpOST-
HOCTHOW TOYKHU 3peHusi. OJTHAKO BO MHOTHX MPAKTUYECKHUX 3a7a4yax HEeT HaI0OHOCTH
B TAKOM IIOJIHOM OMMCAHWUU U JOCTATOYHO yKa3aTh TOJBKO OTAEJIbHBIE YHCIIOBBIE Ma-
paMeTphl, XapaKTepU3YIOUIUE CYLIECTBEHHBIE YEPTHI paclpeneieHusd. Takue uuciia
Ha3bIBAIOTCS YUC/I08bIMU XAPAKMEPUCHUKAMU C/IYYATUHOU 6eTUYUHDL.

5.1.1. Mamemamuueckoe oxcudanue XapaxTepusyeT CPEIHEE B3BEIICHHOE
3HAYCHUE CITyYaHOW BEJIMUMHBI U ONPEACSIETCs 10 (hopMyiam:

( N

> %P, m JICB;
m,=M[X]={_ . (5.1)
j x-f(x)dx, mm HCB.

\—©0

rae My 0003HaYaeT Yucio, MOJyUYeHHOE Mocie BeruuciaeHui no gopmyne (5.1);
M[X] — omeparop MaTeMaTH4YECKOTO OKHIAHHSI.

Kak BumHo u3 (5.1), B KauecTBe MaTeMaTH4YECKOTO OXXHUAAHUS HUCIIOIb3YETCS
«CpeaHee B3BEIICHHOE 3HAYEHHE», MPUUYEM KaXKJI0€ M3 3HAYECHHM CIIy4aillHOM BEJH-
YUHBI YYUTHIBAETCS C «BECOM», IPOMOPIUOHAIBHBIM BEPOATHOCTH 3TOTO 3HAYEHUS.

PU3NYECKUN CMBICII MATEMAaTUYECKOTO OXKUJIAHUS — CPEIHEE 3HAUCHUE CITydail-
HOM BEJMYMHBI, T. €. TO 3HAYEHHE, KOTOPOE MOXKET OBITh UCIIOJIH30BAHO BMECTO CIIy-
yalfHOW BEJIMUMHBI B MPUOIUZUTEIBHBIX pacueTax WM OLICHKaX.

MaremaTudeckoe OxKuaHue 00J1a/1aeT CIeIYIOIUMHU CBOMCTBAMU:

1. M[c] =c.

Jloxazamenvcmeo. PacCMOTpUM KOHCTAHTY C Kak CIIy4alHYIO JTUCKPETHYIO Be-

JUYHUHY, KOTOpas MPUHUMAET OJIHO 3HaYeHUE C C BEPOATHOCTHIO p = 1.

2. M[X+c] = M[X]+c = m, +c.
Jloxasamenvcmeo. M[X +¢]= j (x+c)- f(x)dx = j X- f(X)dx+ j ¢ f(X)dx=m, +c .

3. M[c-X] =c-M[X]=c-m, .

HHokazamenvcmeo. M[CX]= j cx - f(x)dx =Cj X- f(x)dx=c-m, .

—0 —o0
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5.1.2. Hauanvnsie momenmor. Hauanpueiii MoMeHT @, (X) K-ro mopsiaka ciy-

YaiHOW BEJIMYMHBI X €CTh MAaTEeMAaTHICCKOE OXKUITaHUE K-I CTETIEH! 3TOW CITydaliHOM
BEJIMYUHBI:

N

ink -p;,  mia ACB;

i=1

o (x) = M[X"] = (5.2)

| X £ ()dx, nns HCB.

—00

PaccMOTpUM HECKOIBKO TIEPBBIX MO HOPAAKY K HAgaIbHBIX MOMEHTOB:
k=0 ay(x) =M[X°]=M[1]=1;
k=1 o (X) = M[X*]= M[X]=m, — maTeMaTHueCKOE OXKHIAHHE;

k=2 a,(x) = M[X?] — ucronb3yeTcsi IpH BEIYUCICHUH TUCTIEPCUH.

Ilenmpupoeannoii ciayvaiinoii BenmuunHoii X Ha3bIBACTCS ClydaiiHas BEJIHYH-
Ha, MaTeMaTHYEeCKOE 0’KHJIaHHE KOTOPON HaXOJUTCS B Haudaje KOOPAUHAT (B LEHTpPE

YHCIIOBOU OcH), T. €. M [X] =0.

Omnepanysi UEHTpUpPOBaHUS (TIEPEXOJ OT HELCHTPUPOBAHHOW BeIWYMHBI X K

HCHTPUPOBAHHON X ) MMECT BH[

X =X-my

5.1.3. Ilenmpansvnsie momenmst. Llentpansaeiii MOMeHT 4 (X) K-ro mopsiaka

CIIy4aiiHON BEIWYMHBI X €CTh MAaTeMaTH4YEeCKOe OKHIaHHe K-il cTermeHH LEeHTPHpO-

o

BAHHOM CITydaifHOM BenIuHbI X |

-

. i(xi —my )k P, mas JACB,
() =M[X =1 . (63)
j (x—m,)*- f(x)dx, mms HCB.

—00

PaccMOTpHM HECKOJIBKO MEPBBIX MO MOPSAKY K IEeHTpaaTbHBIX MOMEHTOB:

k=0 4(x) = M[X°]= M[1]=1;

k=1 () =M[X"]=M[X]=0;

k=2 yz(x):M[on]:M[(X—mx)z]:M[Xz]—meM[X]+m§ =a,(X)-m’ =D, — mucrep-
CHsl.
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5.1.4. /lucnepcusa cay4yaliHON BETUYMHBI XapaKTEPU3YET CTENEHb PACCEUBAHUS
(pa3bpoca) 3HayeHWM CilydallHOM BEJIMYMHBI OTHOCUTENIBHO €€ MaTeMaTH4eCKOIo
OKUJaHMsI U OTpeiesaeTcs o Gpopmysam:

N N

(% —my)?p =D x*p,—my, ams ACB;

D, =D[X]=,()=a,()-m =4 "~ (5.4)
j (x—m, )% f (x)dx= j x2f (x)dx—m? , ms HCB.

CBoiicTBa IucCIIEpCUn:
1. D[c] =0.
Joxasamenscmeso. D[c]=M|[ (c—=M[c])* |=M | (c—c)’ |=M[0]=0.
2. D[X+c] = Dx.
Jloxazamenbcmeo.
D[X +c]=M[ (X +c=M[X +c])’ |=M[(X +c—m, —c)’ | =M[(X —m,)*]=D,

BbITeKaeT U3 cBoicTBa 2 (m. 5.1.1) maremaTtuueckoro oxkumaHus. OHO CTAHOBUTCS
MOHSATHBIM, €CJIA YYECTh, YTO BeIUYUHBI X U X+C OTIMYaloTCs JIMIIh HAa4aJIoOM OTCUe-
Ta U paccesHbl BOKPYI CBOMX MATEMATHUYECKUX OXKHUIAHUN OJMHAKOBO. OYEBUJIHO,
YTO oOlepanusi LEHTPUPOBAHUS HE HM3MEHSET JUCIEPCUIO CIIy4ailHOW BEIUYUHBL:

D[X]=D[X —m, ]=D[X].
3. D[c-X] = ¢*Dx.
Hoxazamenscmeo. D[cX]=M[c*X?]-(M [CX])2 =c*(M[X?]-m%)=c’D, .
Jucnepcust ciyyallHOM BEJMYHMHBI MUMEET PA3MEPHOCTh KBajJpaTa CIy4alHOU
BEJIMYMHBI, TOATOMY JUIsl aHAJIKM3a JUana3oHa 3HAYCHUN BEIMYMHBI X AUCHEpCUS HE

COBCEM yI00HA. DTOr0 HEJOCTaTKa JHUIIEHO CPEIHEE KBaJIPaTHYECKOE OTKIIOHCHHE
(CKO), pa3aMepHOCTh KOTOPOI'O COBITAJIAET C PA3MEPHOCTHIO CIIyYaHOW BEJIUYUHBI.

5.1.5. Cpeonee keadpamuueckoe omkioHeHue CIy4aitHON BEIMYUHBI X Xapak-
TepHU3yeT MUPUHY JUana3oHa 3Ha4eHUH X U paBHO

oy =o[X]=+yD[X]. (5.5)
CKO usmepsercs B Tex xe PU3NYECKUX €IUHUIIAX, YTO U CIydaiiHas BETMYHMHA.
Ilpasuno 3o. lIpakTnyecku BCE 3HAYEHUS CIYYAWHOW BEJIMYMHBI HAXOMSTCSA B
UHTEpBae
[ My — 30)(, My + 30')(, ] (56)
Matematnueckoe oxkunanue u nucrepcust (wn CKO) — nanbonee vacro npu-
MEHSIEMbIE XapaKTEPUCTUKH CIIy4aiiHON BenuuuHbl. OHU XapakTepusyloT Hauboiee
BaXXHbIE YEpThI pacIipe/ieJICHHs: €ro MOJ0XKEHUE U CTeNeHb pa30pOCaHHOCTH 3HAUe-
Huil. J{ns Gonee moapoOHOTO OMUCAHUS MCHOJIB3YIOTCS HayalbHbIE U LEHTPaJIbHbIC

MOMEHTBI BBICIIUX MOPAAKOB. Kpome MaremaTnueckoro okuaaHus Ha IPaKTHUKE 4da-
CTO MPUMEHSAIOTCS U APYTUE XaPAKTEPUCTUKU MTOJIOKEHUS PACIIPEICIICHUS 3HAYCHUM.
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5.1.6. Mooa cny4aitHOV BeIMYUHBI paBHA €€ HauOoJee BEPOATHOMY 3HAUCHHUIO,
T. €. TO 3Ha4EeHHUE, AJI1 KOTOPOTO BEPOSITHOCTD Pj (A1 JUCKPETHOMN CiTy4ailHOW Benu-

quHbl) Wi f(X) (U1 HenpepbIBHBIX CIy4YaitHOW BEJIMYMHBI) JOCTUTACT MaKCHMyMa:
p(X =Mo)=max, f(Mo)=max.

Pacnipenenenne ¢ 0lHUM MaKCUMYyMOM IUIOTHOCTH paclpe/ieNieHUs] Ha3bIBACTCS
«YHUMOAAJIbHBIMY». ECIIM MHOTOYTOJIbBHUK pacnpeiesieHus WIM KpUuBas pacrpesere-
HUS UMEIOT O0Jiee OJJHOTO MAaKCMMyMa, paclpelielieHHe Ha3bIBAlOT «IOJIMMOJANb-
HeIM». Ecniu pacnpenenenue o6inamaet nocepequHe He MAaKCUMyMOM, @ MUHUMYMOM,
TO OHO Ha3bIBAETCS «AHTUMOIATBHBIM.

5.1.7. Meouana cnydaitHoi BeTMUUHBI X paBHA TaKOMY €€ 3HAYEHHUIO, I KO-
Toporo BeinmosHseTcs ycinoBue p{X < Me} = p{X > Me}. Menuana, kak mpaBuio,
CYIIECTBYET TOJBKO JJISl HETPEPHIBHBIX CIIyYalHBIX BEMWYWH. 3HaueHUE Me MoxeT

6BITB OIMpCACIICHO KaK PCIICHUC OAHOTO U3 CIICAYIOIIUX ypaBHeHHﬁZ
Me

[ f(9dx=0,5 Tf(x)dx:O,S; F(Me) =0,5. (5.7)

—o0
B touke Me Imomaab, OrpaHu4YCHHAsA KpHBOﬁ pacipcaciaCcHus ACJINTCA IIOIIO-
JJaM.

5.1.8. Keanmuns yp ciy4aiiHO# BeIMINHEL X — 9TO TaKOE €€ 3HAYCHNUE, 1L KO-
TOPOTO BBITIOJIHAETCS yCIIOBHUE

PIX<xp} = F(xp) = p. (5.8)

O‘-IeBI/II[HO, qTO MCIHaHa — 3TO KBAHTHUJIb ZO 5"
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Jleknusa 6

6.1. TunoBbIe 3aKOHBI pacnpeacJacHaus TMCKPETHBIX c.IIyqaﬁme BCJINYHNH

6.1.1. Hnouxkamop cnyuaitnozo coovimus A — 5T0 TUCKPETHAS CITydaifHas Be-
anurHa X, KOTopas paBHa | mpu ocyliecTBIeHUH cOObITUS A, 1 paBHa 0 pu ocy-
LIECTBICHUHN A

1,A
o, A
Psin pacnipenenenust BEposITHOCTEN MHAUKATOPA CIy4aHHOT0 COOBLITHS:
X; 0 1
Pi q p

r7ie P — BEpOSITHOCTb OCYIIIECTBICHUS COOBITHUS A;

( — BEpOSITHOCTh OCYIECTBICHHS coObIThs A, q =1—p.
YucnoBble XapaKTEPUCTUKN HHAUKATOPA CJAYYAHHOI0 COOBITHA:

m, =p, Dy =qp. (6.1)

6.1.2. 'eomempuueckoe pacnpedenenue iMeeT TUCKPETHAS CIydaiiHas BEIN-
yrHa X, €ciu oHa npuHUMaeT 3HadyeHusd 0, 1,...,00 ¢ BEpOSITHOCTAMU
H i
p(X=0)=p;=0d'p, (6.2)
rae p — mapametp pacupeaenenus (0 <p <1), g=1-p.
YucioBble XapaKTEPUCTUKU TEOMETPUUECKOTO pacipeIeICHUS:

mX:%, D, = (6.3)

2

p
Yenosus 6o3nuxnogenus. 11IpoBOAUTCS psii ONMHAKOBBIX HE3aBUCHUMBIX OIIBITOB
JI0 TIEPBOTO TOSIBIIEHUSI HEKOTOPOro coObitusi A. CnyuaiiHas BenmuyuHa X — YHCIIO
MIPOBEICHHBIX 0€3YCIEITHBIX OMBITOB JI0 MEPBOTO MOSBICHUS COOBITHS A.

6.1.3 bunomuanvnoe pacnpedenenue UMEET TUCKPETHAS CITydalHAs BEJIMYMHA
X, ecnu oHa npuHUMaeT 3HadeHus 0, 1, ... , N co cleyOmNUMHU BEPOSITHOCTIMMU:
n!
p(X =i)=p, = 7 p'g™ (6.4)
il(n—i)!
rae N, p—mapamerpsl pacnpenenenus (0 <p <I), g=1-p.
UwucnoBbie XapaKTepUCTUKN OMHOMHUATLHOTO PACTIPEICICHHUS:
m, =np, D, =ngp. (6.5)
Yenosus eosnuxnosenus. 1IpoBoguTCa N OJIMHAKOBBIX HE3aBUCUMBIX , B KXKJI0OM
U3 KOTOPBIX COOBITHE A TOSABIAETCS C BEpOSTHOCTHIO p. CiyuaiiHas BenuuuHa X —

YHUCJIO OMBITOB, B KOTOPBIX MPOU3OIILIO COOBITHE A (CM. TEOPEMY O MOBTOPEHHUH OIIbI-
TOB).
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6.1.4. Pacnpeoenenue Ilyaccona nmeeT TUCKpEeTHas CiydailHas BenudyuHa X,
eclii OHa MpuHUMaeT 3HayeHus 0, 1,...,00 CO CIeIyIOIMMH BEPOSITHOCTSIMHU:

p(X =i)=p =Te", (66)

rje a — mapameTp pacnpeaeneHus (a >0 ).
Yucnosele XapaKTEPUCTUKH IIyaCCOHOBCKOW CITy4aliHOM BEJTUYUHBI:
m, =a, D, =a. (6.7)
Yenosus 6oznuknosenust:
1. Pactipenenenue Ilyaccona sBisieTcs MpeaeabHbIM CllydaeM OMHOMHUAIIBHOTO,
KOTJIa YKCJIO OTMBITOB N HEOTPAaHMUYEHHO YBEIUYHBACTCS, a BEPOSTHOCTD P COOBITHS A

B OJHOM OIbITE CTpeMuTcs K 0 Tak, 4YTO CYIIECTBYET MpeAe r|1il’T'l np =a. Ha
—>00
p—0

npaktuke Gopmyiny (6.6) MOKHO HCIOIB30BaTh BMeCTO GopMyibl bepHysum, ecnu

p<<——

N

2. Cnyuaiinas Benu4yrHa X — 4UCIO COOBITUHN MyaCCOHOBCKOTO MOTOKA MOCTY-
NUBILIMX B TEYEHUE UHTEpBaAja 7, IpUYeM NapameTp a = 7A, rae A — HHTEHCUBHOCTb
ITOTOKA.

Ilyacconoeckuii nomok. PaccMoTpuM BpEMEHHYIO OCh, Ha KOTOpOH Oynem
OTMEYaTb MOMEHTHI BO3HUKHOBEHHUSI CIy4YallHBIX COOBITUM (HampuMep, OTKa3bl
KOMITOHEHTOB B CJIO)KHOM T€XHUYECKOM YCTPOMCTBE, 3asIBKU Ha OOCIyKMBaHUE U T.
n.). IlocmenoBarenbHOCTh TaKUX MOMEHTOB Ha3bIBACTCS HOMOKOM  CIAVYAUHBIX
coobImuil.

[ToTok ciydailHBIX COOBITUM HAa3bIBACTCA CMAYUOHAPHLIM, €CIA YHUCIIO
COOBITHH, TMPUXOIAINIUXCS HA HWHTEpBal 7 , B OOIIEM cioydae HE 3aBUCHUT OT
pAacCIIONOKEHUSI ATOTO Y4YacTKa HAa BPEMEHHOW OCH W ONPENENSIETCS TOJIBKO €ro
JUINTEIBHOCTBIO, T. €. CpeJHee YuCIO COOBITUH B €AUHMIE BpeMeHH A
(unmencusnocms nomoxa) MOCTOSIHHO.

[ToTok cimyyallHBIX COOBITHII HA3BIBACTCS OPOUHAPHBIM, €CIIA BEPOATHOCTH I0-
najaHusl B HEKOTOPbIN ydyacTok At 1Byx u OoJiee CiiydailHbIX COOBITUN 3HAYUTEIBHO
MEHbIIIE, YeM BEPOSATHOCTh MOMAaHus 1-Tr0 cCOOBITHS.

B notoxe omcymcmeyem nocneoeticmeue, €Clv BEPOSITHOCTH IMOIAIaHUs COObI-
TUW Ha y9aCTOK 7 HE 3aBUCHUT OT TOTO, CKOJILKO COOBITHIA MOMAJI0 Ha IPYTUe yUaCTKH,
HE NIEPECEKAIOIIMECS C JaHHBIM.

[ToToK CiydaifHBIX COOBITHI HA3BIBACTCS HYACCOHOE6CKUM WV TIPOCTEUIINM,
€CJIM OH SIBJISIETCS CTAIMOHAPHBIM, OPJIUHAPHBIM U O€3 TTOCIIEICHCTBHSI.
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6.2. TunoBble 3aKOHBI pacnpe/e/ieHUs1 HeMPePbIBHBIX CJAYYalHbIX BeJNYHH

6.2.1 Pagnomeprnoe pacnpedenenue MMEET HENPEPbIBHAS CIy4yaliHas BEJIUYU-
Ha X, eC/IM €€ TJIOTHOCTh BEPOSTHOCTU B HEKOTOPOM MHTEpBaJie [a, b] mocTosHHA, T.
€. €CJIM BCE 3HaueHus X B 3TOM MHTEPBAJIE PaBHOBEPOSTHBI:

0,x<a, 0, x<a,
1 X—a
f(X)=s——,a<x<h, F = ,a<x<b,
(X) — (%) P (6.8)
0,x > b. 1 x>Dh.

Hioke npuBeieHbI Tpa UKy TUIOTHOCTH U (DYHKITUH PABHOMEPHOTO pacipeaeICHuUs
npub=3wma=1.
1(x) F(x)

2 4 2 4
YucioBble XapaKTEpPUCTUKU PABHOMEPHO paclpeieICHHON clydaliHOW BEIUYHU-
HBIL:

a+b (b—a)’
-2 p, =2 .

[Ipu HEOOXOMIUMOCTH OTpeecHHs mapaMeTpoB a U b mo m3BecTHBIM My, Dy
UCIOJIB3YIOT CIIEAYIOIHNE (POPMYJIBIL:
a=m, +0,/3, b=m, —o, /3. (6.10)
Ycnosus 603nukHogenus:

1. Cnyuaiinas BenmnunHa X — OMIMOKK OKPYTJICHUS] TIPU OTPaHUYEHHOM pas3psij-
HOM CETKe:

- OKpyTJIeHne 10 MeHbIuero nenoro, X €[-1,0], m, =-0,5,

- okpyraenue a0 6oneirero nemoro, X €[0,1], my =0,5,

- okpyrIIenue no ommkaiimero nenoro, X €[-0,5;0,5], my, =0,
rae 1 — Bec Mimagmero paspsia.

2. CnyyaiiHas BelMuMHa X — MOTPEIIHOCTh CYMTHIBAHUSI 3HAYEHUI C aHaIoro-
BOI IIKaIbl usmMepurensHoro nmpubopa, X €[-0,5;0,5], my =0, rue 1 — uena nene-
HUSI [IKAJIBL.

3. T'enepatopsl nceBaociydaiiHbix BenuuuH, Hanpumep RANDOM, Bctpoen-
HBIE B SI3bIKU IPOTPAMMHUPOBAHUS BEICOKOTO YPOBHSI.
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6.2.2. IxcnonenyuanvHoe pacnpedeseHue UMEET HENIPEPbIBHAS CilydaiiHasi Be-
Ju4rHa T, IpUHUMAIONIAas TOJIBKO TMOJIOKUTEIbHbIE 3HAYEHUS, €CIM €€ IIOTHOCTb
BEPOSITHOCTU U (DYHKIIUS pacrpeieICHHs paBHBbI:

e t>0 1-e ™ t>0
f(t) = ’ " F(@) = ’ ’
() 0. t<0: ) 0 t<0 (6.11)

rae A — napamerp pacapeneiacaus (A4 >0).
Hwxe npuBencHs! rpa@uky MIOTHOCTH M (YHKIIUUA SKCIIOHEHIIMATBLHOTO pac-
npeaeneHus mpu A =1.

fx) F(x)

05 T 05 T

Yucnosbie XApaKTCPUCTHUKU BKCHOHGHHI/IaHBHOﬁ CquaﬁHOﬁ BCIINYHUHBI.

1 1
mT :21 DT :?.

Ycnosus eosznuknogenus. CnydyaiiHasi BeIMUMHA | — UHTEPBAI BPEMEHU MEXIY

(6.12)

JBYMSI COCETHUMHU COOBITUSIMU B mpocTeiiiieM nin [lyacCOHOBCKOM MOTOKE Cilydai-

HBIX COOBITUH, PUUEM TIapaMeTp pacrpeneneHus A — UHTEHCUBHOCTh TTOTOKA.

6.2.3. Hopmanshoe pacnpedenenue (pacupeneicHue ['aycca) umeeT Hempe-
pBIBHAS CiIy4aiiHas BeJUYMHA X, €CJIU €€ INIOTHOCTh BEPOSATHOCTH U (PYHKIIUS pac-
TpeIe/ICHUS PaBHBI:

1 _(x—m)2 _ X—m
f(X)—G\/%eXp{ YR } F(x) 0,5+<D[—G j (6.13)

rae m, o — napamerpsl pacupeaeneuus ( o >0),
1
27T

2

x _t
®(x) — ¢pynxmms Jlamaca, P(X) = je 2dt
0

N
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Hwxe mpuBeneHsl rpaduku MIOTHOCTH U (DYHKITMM HOPMAJLHOTO pacmpesese-
Hus nipu M =1, ¢ =1.

f(x) F(x)
0.4 =

0.5

Tax xak nmepBooOpazHas A e B aHATUTHYECKOM BHJIE He CYILLIECTBYET, TO IS
BBIUMCJICHHS] 3HAYCHUHN (QYHKIIUU pacrpenesieHUusl U BEpOsTHOCTEN COOBITHI, CBA3aH-
HBIX C HOpMaJIbHOM CIIy4ailHOM BETMYMHOMN UCHOJb3yeTcs Ta0yIupoBaHHas (PyHKIUS
Jlannaca. [Ipu ucnonp3oBanuu Tabauisl 3HaueHnid ¢pyHkuuu Jlamaca cienyer y4u-
TBIBaTh, 4T0 O (— X) = — O(X), ®(0) =0, d(0) = 0,5.

YucnoBele XapaKTEPUCTUKU HOPMAJIBHOW CITy4aliHOM BEJIMYUHBI:

m, =m, D, =o?; (6.14)
1[k/2] rnk—2i (0/ 2)|
X) = k! :
% (X) ZO (k—2i)tit (6.15)

0,k —ueuernoe,

m()=1 k1 (o2)" (6.16)
—| — , K —gerHoe.
(k/2)1 2

Ycnosus 6osnuxnogenusi. 910 Hauboyiee 4aCTO BCTPEYAIOIIMICS HA MPAKTUKE
3aKOH pacrpenencHus (CM. yeHmpanvHylo npedernvhylo meopemy, nekuus 12).
Hanpumep, HOpManbHbIN 3aKOH pacipeneIeHNs] UMEIOT:

— TIOTPENIHOCTH H3MEPUTEIBHBIX MPUOOPOB; MPU ITOM OTKATMOPUPOBAHHBIN
npudOp HE UMEET CUCTEeMATHUECKON MOTPEIIHOCTH, T. €. M=0, a BenuuuHa ¢ onpeie-
JISIETCS KJIACCOM TOYHOCTH U3MEPUTENIHLHOTO MPUO0pa;

— MapaMeTphl PAANOIIEKTPOHHBIX KOMIIOHEHTOB (PE3UCTOPOB, KOHIAECHCATOPOB U
T. 1.), IPUYEM M — HOMUHAJIBHOE 3HAYCHUE, YKa3aHHOE Ha MapKUPOBKE, a g OMpeie-
JSIE€TCS KJJACCOM TOYHOCTH.
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Jleknus 7

[TycTh HEKOTOpas CiTydaiiHas BeWYMHA X MOABEpraeTcs JAeTSPMUHHUPOBAHHOMY
peoOpPa3OBaHUIO (@, B PE3yJIbTaTE KOTOPOro mojyuurcs Beanunna Y, T. e. Y = @(X).
OueBuaHO, YTO BeMMYMHA Y OyJeT Ciay4alHOM, U, KaK IpaBUio, HEOOXOAUMO Ompe-
JICIATh 3aKOH pacIpe/ielIeHUs] /UM YUCIIOBBIE XapaKTEPUCTUKHU CIy4yallHOW BeJu-
9uHBl Y [0 U3BECTHOMY 3aKOHY pacIpeiesicHUs] BeIHMUMHBI X U BHIY Mpeodpa3zoBa-
HUS .

7.1. 3akoH pacnpenejeHusi yHKIHHA CJAYYAHHOT0 apryMeHTa

B cnyuae, eciin X — nuckpeTHas cilydaiHas BEJIMYMHA C U3BECTHBIM PSJOM pac-
NIPEAEIEHUS BEPOATHOCTEN

X X1 X2 Xn

Pi P1 P2 Pi

TO ONpEENIEHHE PsAla BEPOATHOCTEN Y HE COCTABUT CIOKHOCTH. Tak kak Y = ¢(X),

TO 3HaueHuE Y; = @(X;) OymeT HOSABIATHCA C BEPOSATHOCTHIO P :

Yi P(X1) P(X2) @(Xn)
Pi P1 P2 Pn

N3 JAaHHOI'O psdala IIYTEM YHOPAAOYHMBAHUA U 06’BCI[I/IHCHI/IH OAMHAKOBBIX 3HAUCHUMN

MOJTy4aeM psJl pacrpeecHus CIydaitHO BeTUYUHBI Y !
Yi Y1 Y2 Ym
Pj P1 P2 Pm

Ecnu X — HenpepbIBHAs cilydailHas BEJIMYMHA C U3BECTHOM INIOTHOCTBIO BEPO-
stroctr f(X), TO anropurm nonyyenus 3akona pacnpeaeneaus Y = @(X) 3aBUcUT OT

BUa @. PaccMoTpuM ydacTok ocu abeuuce [a,b], Ha KOTOpoM Jexar Bce BO3MOMKHBIE
3HaueHus Benmmuuebl X, T.e. P(@<X<b)=1, B yactHOM ciyuae @=-—00,0=+00,

Croco0 perieHds TOCTaBISHHOM 3a7add 3aBUCHUT OT TOBEASHUS (GYHKIUU ¢ Ha
ydacTke [a,b]: MOHOTOHHA OHA Ha STOM y4acTKE UJIH HET.

7.1.1. Monomonno eéo3pacmarowias pynkyus
IIycts Y =@(X) — monoTOHHO Bo3pacTaromas (ynkuus. Onpenenum (QyHK-

uuto pacupenenenns G(Y) cuyuaiinoit Benmmunnst Y. ITo onpeneneHuo oHa paBHa
w(Y)

G(y) = p(Y <¥) = p(p() < ¥) = p(X <w(y) = [ f, ()dx,

rae y(y) — oopatras pyHkimst ¢(X).
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X<y

J{nst BeIMOJTHEHUS ycinoBusl Y <Y HEOOXOAUMO M I0CTaTOYHO, YTOOBI Clydaii-

Has BeMMYMHA X TOMaja Ha y4acToK ocH a0ciuce oT a a0 y(y). Takum obpasom,
byHkus pacnpenencHus Y i1 aprymMeHTa X, pacrpeaeieHHoro B uHTepsaie [a,b],
paBHa:

0,y<w(a),

w(y)

G(y) =1 [ fx(Mdxp(@)<y<y (),

a

1y > w(b).

7.1.2 Monomonno yovieaowasn ¢pynkuyus
ITycts Y =@(X) — moHOTOHHO yOBIBaromas GyHkuus. Onpenenum (GyHKIHIO

pacnpenenenus G(Y) cayuaitnoii Benmuuunst Y. 1o ompeneseHuo oHa paBHa

G(Y) = P(Y <¥) = pe(x) <y) = P(X >y (¥) = | f, ()dx,

w(y)

rne y(y) — oopatHas ¢pyHkims ¢(X).
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| -_
a a9 e /b

X= y;( y )I
Jliis BBITIOSTHEHHS yCaoBHs Y <Y HEOOXOAMMO M JOCTATOYHO, YTOOBI CITydaii-
Has BeJIMYKMHA X IMomajia Ha y9acTok ocH adcmmce oT x = YY) o b. Takum oOpazom,

bynkuus pacnpeneneHus Y i apryMeHTa X, pacrpeeieHHoro B uHTepBaie [a,b],
paBHa

0,y <y(b),

b

G(yY)=1 | f(dxyb)<ys<y(a),

v ()

[110THOCTE BEpOATHOCTEH caydaiinoi Beanuunbl Y = @(X) s mo6oro mo-

HOTOHHOI'O CJlIy4das HMCCT CJ'IGI[YIOI_HI/Iﬁ BU:

O’ y < ymin '
9(Y) =G'(Y) =1 Fe W) ' O] Yoo <Y < Vi 7.1)
0,V > VY, -
Ipumep. 1lycTh cnyvaliHas BelnurHa X UMEET HOPMaJIbHBIA 3aKOH pacrpee-

1
o\2r

aeaust f(x)= e_xz/zaz, Y = X®. Haiitu g(y).
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®dynkmmsa Y =@(X) crporo MoHOTOHHA, AuddepeHnmupyeMa U UMeeT o0part-
ayro X =y (y) = <2 .Bocnone3yemcest popmynoit (7.1). Tak kak

—y?137262

Er(y) = F (") =$e |

1
3y2/3 !

TO MCKOMasl TIJIOTHOCTh pacnpenenenus Gynkmun Y = X °:

a(y) S —
3oy?J2rx

1/3)!

w'(y)] =|(y

—y?'3/252

7.1.3 Hemonomonnasa (oynkyus
IIycte Y =@(X) — HeMOHOTOHHAs (QYHKIMA. AITOPUTM MOJIy4EHHs 3aKOHA

pacrpenenenns Y = @(X) mpuseneH HKe.
1. Toctpouts Trpadux Y =@(X)u ompenenuTs JMaNa3oH 3HAYCHHIA
Y €[Ymin: Ymax]-

2. Jlnana3on Y pa3outh Ha M MHTEpBAJIOB, B KaXJIOM U3 KOTOPBHIX OJMHAKOBas

CTeleHb HeoaHo3HayHocTh K;, 1 = 1,2,..., M:
[ymin1y1)’[y17 yz)’---’[yM—li ymax]

CTeneHb HeOTHO3HAYHOCTH K — YMCII0 3HAaYeHUH X, COOTBETCTBYIOLIUX OJHOMY
3Ha4YEeHHIO Y, MM YUCI0 00paTHBIX (PyHKIMIA Ul TaHHOTO UHTepBana (), j=1... Ki.

3. Onpenenute oOpatHble QyHKIMH V5(Y) = @' (X) ¥ BBIYHCITHTB | w') |.B
ob1ieM cirydae grcino oOpaTHbIX GyHKIMH ¥4()) B I-M HHTepBaje paBKo K;.

4. OnpenenuTs MIOTHOCTH BeposTHOcTel ((Y) mo cnexyromeii Gpopmyie:

(O’ y < ymin’

9 =1 v, ] via =y < v, 72)

0,Y> Ymax-

B udactHOM cnyuae, koraa oOpaTHble (PYHKIUN OAMHAKOBBI JJIsi BCEX MHTEpBa-

o ¥ (Y) =" (V). Jw; (V)] =[y'(¥)

, bopmyna (7.2) npuHumaet BUa
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(O’ y < ymin’

g(y) =1k ()l yia <y <vis. (7.3)

\O' Y > Yimax

a eclii BeaMurMHa X paBHOMEPHO pacmpezeiiceHa B MHTepBajie [a, D], T. e. ee mioT-
HOCTb paBHa

3 (X):{ll(b—a),aSXSb

0, x<a,x>h '’
TO BBIpaKeHUE IS §(1) MOKHO TIPEJACTAaBUTh KaK
(O! y < ymin ’
g(y) =1k -i-lw’(y)l Yia <Y<Y,
" "b_a ' Yia = i (74)
Koi y > ymaX'

7.2. YucnoBble XapaKTepuCcTHKH QYHKIIUH CIYYAHHOI0 apryMeHTa

[Tycts Y = ¢(x), Te X — cnydyaiiHasi BeIMYMHA C U3BECTHBIM 3aKOHOM pacripe-
TeeHNs, 1 He0OX0IUMO OTPEIeITUTh YUCIIOBBIE XapakTepucThku Y. B ToMm ciyudae,
KorJa 3aKkoH pacnpenenenus Y omnpenenieH (cM. Beipakenus (7.1)—(7.4)), To uucio-
BbIC XapaKTEPUCTHKHU Y JIETKO BBIYUCIUTH 10 (popmynam (5.1)—(5.7). Onnako, eciu
3aKOH pachlpee/icHUs] BEMMUUHEI Y B SBHOM BHJIE HE HYKCH, a HEOOXOIMUMBI TOJIEKO
€€ YHUCIIOBBIC XapaKTEPUCTUKN, TPUMEHUMBI CIIEAYIOIIHE GOPMYIIHL.

Ecnu X — nuckpetHasi ciydaiiHas BEJIMYMHA C U3BECTHBIM PSIZIOM pacnpeaese-
HUS BEPOSITHOCTEM, TO

m, = M[¥]= Z(p(x,- . (7.5)

D, =M[Y*]-m,” = §¢2(xi)pi —my; (7.6)
o, () = M[Y*] = Z(D )b, (7.7)
uk(y)=M[\?k]=Z(¢(xi)—mY)k .. (7.8)

Ecnn X — HenpepbIBHAsA CiiydailHas BEJIMYMHA C U3BECTHOM INIOTHOCTBIO BEPO-
stHocTei f(X), To hopMysBl IPUHUMAIOT BH/T
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my =M[Y]= [@(x)- f(x)dx; (7.9)

Dy, = M[Y?1—m,” = [@*(x)- f(x)dx—m];  (7.10)
o, () =M[Y* 1= [p"(x)- f(x)dx; (7.11)
(D =MIY 1= [ (@0 —m)*- foodx.  (7.12)

7.2.1. Xapakmepucmuueckana hyHKyusa ciy4aiHoil 6enuduHbl

itX .
IMycte Y =€, rne X — ciydyaifHas BelWuMHA C U3BECTHHIM 3aKOHOM pac-
npezenenus, t — mapamerp, i =/—1.
Xapaxmepucmuyeckou ¢ynkyueri CIydaitHOW BeIWYMHBI X Ha3bIBa€TCSl MaTe-

itx .
MaTHYeCKOoe OKuaaHue QyHKIuu Y =€ :

n .
Ze'txk Py, ast JICB;
ko1

vy () =M[e™]=1,, (7.13)
j e™ f (x)dx, mis HCB.

\_—0

Takum o6paszom, xapakTepuctuueckas GyHkuus Uy (t) u 3akoH pacnpenenenus
CIIy4allHOW BEJIMYMHBI OJTHO3HAYHO CBSI3aHbI npeobdpazosanuem Pypwve. Hampumep,
IUIOTHOCTH pacnpenenenus f(X) ciayuarinoi BeauuuHbl X OJHO3HAYHO BBIPAKACTCS
Yyepe3 ee XapaKTepUCTUUYECKY0 PYHKIMIO IPU IOMOLIU 0Opamuo20 npeoopa3o8ans
Dypve:

f(x) = %Tu(t)e‘“x dt. (7.14)

OcHOBHBIE CBOMCTBA XapaKTEPUCTUIECKON (PYHKITUU:
1. Xapakrepuctuueckast GpyHkmus Benmmunuasl Z =aX +b, rae X — ciydaiiHas

BEIMYMHA C XapaKTEPUCTUUECKOM GyHKumii Uy (1), paBHa

vy, (t) = M[e"® ] =e", (at). (7.15)
2. HavasbHbIit MOMEHT K—T0 mopsiika ciIy4aiiHOM BeJTMYUHBI X pPaBeH
a, (X) =0 (0)i ™", (7.16)

(k)

rae vy’ (0) — k—s mpousBoHas XapakTepuctTuaeckoi Gynkuu mpu t = 0.

n
3. Xapakrepuctuueckas GyHKIUS CyMMBI Y = ) X, HE3aBHCHUMBIX CITy4alHBIX

k=1
BEJIMYMH paBHA MPOU3BEICHUIO XapaKTEPUCTUUECKUX QYHKUIUN CIaraeMblx:

v, (1) = l_l[vxi ). (7.17)
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Jleknusa 8

8.1. JiIByxMepHble ciydyaiiHble BeJIJUYHHBbI. JIByXMepHBIii 3aK0OH pacnpeaejieHust

JIByxMmepHas cirydaiiHas BeinnmuuHa (XY) win cuctema JIByX CIy4ailHBIX BEId-
YUH — COBOKYITHOCTh JIBYX OJIHOMEPHBIX CIyYalHBIX BEJIMYMH, KOTOPbIE IPUHUMAIOT
3HAYEHUS B PE3YyJIbTATE MPOBEACHUS OJHOTO U TOTO K€ OIbITA.

JIByxMepHBbIE CllydallHbIE BEJIUYMHBI XapaKTEPU3YIOTCSI MHOKECTBAMM 3Haye-
Hud Qy , Oy CBOMX KOMIIOHEHT U COBMECTHBIM (JIByXMEPHBIM) 3aKOHOM pacIipese-
jgeHusi. B 3aBucumMocTH OT TUMa KOMMOHEHT X, Y pa3inyaroT JUCKPETHBIC, Herpe-
PBIBHBIE U CMELIAHHBIE IBYXMEPHBIE CIyYalHbIE BEJIMYMHBI.

JIByXMepHYIO cilydailHyt0 BeaM4HHY (X,Y) reoMeTpuyecKd MOXHO MpeacTa-
BUTh Kak caydailHyro Touky (X,Y) Ha mockoctu x0y nubo Kak ciaydailHbIM BEKTOP,
HarnpaBJICHHBIA U3 Hayaia KoopauHaT Touky (X,Y).

F 3

(X.Y)

X

h J

0 X

JIByXMepHBIH 3aKOH pacipeiefieHus1 BEposTHOCTEN — QyHKIus (TIpaBuio, Tad-
JUIA U T. I1.), YCTAaHABIMBAIOIIAsi COOTBETCTBUE MEXKIY 3HAUCHUSIMHU CIIy4allHOU Be-
JIMYUHBI U BEPOSITHOCTSAMM MX HACTYIUICHHS W IMTO3BOJIIOLINE BBIYMCIUTH BEPOATHO-
CTH JIFOOBIX CITy4allHbIX COOBITUM, CBA3AHHBIX JABYXMEPHOU CIydyallHOM BEIMYUHOU
(XY):
Pl <X < B;0<Y <y), Ve, 3,0, 7.

8.1.1. /leyxmepnasn pynkuyusa pacnpeoeyenus

Jleyxmepnaa ¢pynkuyusn pacnpeodenenus IBYXMEPHOU CIydalHOW BEIWYHHBI
(X)Y) paBHa BEpOSITHOCTH COBMECTHOTO BBIMOJHEHHS ABYX COObITHIE X <X H
Y <Vy:

F(x,y) = p(X<xY<y). (8.1)
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TeomeTpuuecku aAByxMepHas (GyHKiMs pacmnpenenenus F(X,Y) — sto Bepost-
HOCTb TOMNajiaHus cirydaiiHoi Touku (X,Y) B O€CKOHEYHBIM KBaJpaHT C BEPIIMHOU B
TOYKe (X,)), JISKAIIICH JIeBee U HUXKE ee.

y

;ﬁ"”ﬁ Z x :

KomnonenTa X npuHsina 3Ha4eHUs, MEHBIIINE JEHCTBUTEIBHOTO YUCTA X, — 3TO
byukus pacnpenenenuss Fy (X), a kommonenta Y NpHHsSIa 3HAYCHHS, MEHBIIHE

JAEHUCTBUTEIBHOTO YHUCA ), — 9TO (yHKIws pacnpenencaus F, (y) .

CpoiicTBa IByXMEPHOU (PYHKIIMH paclipeesICHUs:
1.0<F(x,y) < 1.
okazamenvcmeo. CBONUCTBO BBITEKAECT U3 ONpejesieHus] QyHKIMHU pacipese-
JICHUS! KaK BEPOSTHOCTHU: BEPOSITHOCTh — HEOTPULIATENLHOE YKCIO0, HE Ooee 1.
2. F(—0,Yy) =F(x,—0) = F(-0,—0) =0, F(+ow0 ,+0) = 1.
3. F(X1, ) < F(X2, ), ecimu Xz > Xq; F(X, Y1) < F(X, Y2), ecim Y, > Y.
HHokazamenvcmeo. Jloxkaxem, uro F(X,y) — HeyObIBaromiass GyHKIUS O TIe-
peMeHHOu x. PaccMOTpUM BEPOSITHOCTH
P(X <X,Y <y)=p(X <x,Y <y)+p(X <X <X,Y <Y).
Tak kak P(X <X,,Y <y)=F(X,,y), a p(X<x,Y<y)=F(x,y), 10
FOG Y)=F (%, y) = P04y < X <%,,Y <y) = F (%, Y) -F(x,y) 20=F (X, y) 2 F(x,, y).
AHQJIOTUYHO U JUJIA V.
4. Ilepexoa K OTHOMEPHBIM XapaKTEPUCTUKAM:
F(X,0) = p(X <X,Y <o) = p(X <x) =F, (X); (8.2)
F(0,y) = p(X <0,Y <y)=p(Y <y)=FK (y). (8.3)
5. BeposiTHOCTB NONagaHus B MPSMOYTOJIbHYIO 00J1aCTh!
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P(a< X <B;0<Y <y)=F(B,y)-F(a,y)—F(B,0)+F(«,9).
OyHKIMS pacipeereHus — Hanbojee yHuBepcaiabHas (Gopma 3aKoHa pacrpe-
JICTICHHSI ¥ MOYKET OBITh MCIIOJIb30BaHa JIJIsl OMMMCAHUS KaK HEIIPEPBIBHBIX, TaK U JIUC-
KPETHBIX JIBYXMEPHBIX CITy4aliHbIX BEJIUYMH.

8.1.2. Mampuua pacnpeoenenus

JIByxMepHas cinydaiiHas BenuuuHa (X,Y) sIBIsIETCS TUCKPETHOU, €CIIM MHOXKe-
CTBa 3HAYCHUU ee KOMIOHEHT Qx U )y NPeACTaBISAIOT COOOW CUETHBIE MHOXKECTBA.
Jlnst onmucaHusi BEPOATHOCTHBIX XapAKTEPUCTUK TaKUX BEJIIMUUH HUCTOJB3YETCS JABYX-
MepHasi QyHKIIMS pacipeiesICHUs] U MaTpuUlla pacipeeacHusl.

Mampuya pacnpedenenusn npencTaBiIsieT coOOH MPSAMOYTOJbHYIO TaOJuILy,
KOTOpasi COACPIKUT:

— 3HAYCHUS KOMIOHEHTHI X — Qy={X1,X2,...,Xn };

— 3HaYEHUS KOMIOHEHTHI Y — Qv={VY1,Y2, ...,Ym};

— BEpOSITHOCTH BCEBO3MOYKHBIX ITap 3HAYCHUN Pij = p(X=x;,Y=Yy;), i=1,..,n,

J=1,....m.

Xi 1y A Yo | e Y,
X1 P11 P | Pim
X2 P21 P2z | . P2m
Xn pnl pn2 ------- pnm

CBOMCTBA MaTpPHUIIbI PACIIPEAETIEHUS BEPOATHOCTEM:

1. 2.2 Py =1

i=1 j=1
2. Ilepexon K psAly pacupeaesieHusl BEpOSTHOCTENW COCTaBIISIIOIIEH X:

pi=pX=x)=> p, i=1..n, (8.4)
j=1
3. [lepexon k psay pacnpeeneHust BEpOSITHOCTEN cOCTaBIIsroIeH Y

p,=p(Y=y)=>p; j=1..m, (8.5)
i=1
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8.1.3. /leyxmepnaa niomnocme pacnpeoeyieHus
JIByxmepHas ciyuaiiHas BenuuuHa (X,Y) SIBISIETCS HEMPEPBHIBHOM, €CliU €€
bynaknus pacnpenenenus F(x,y) npencrasnser coboi HenmpepbiBHYIO, nuddepeHim-
pyeMor (DYHKIMIO O KaXIOMY M3 apTyMEHTOB W CYIIECTBYET BTOpasi CMEIIaHHAS
O°F(x,»)
oxoy
Jleyxmepnas naomuocms pacnpedenenusn f(x,y) XxapakTepusyer IIOTHOCTb

BEPOSITHOCTU B OKPECTHOCTH TOYKU C KOOpJIMHATAMHU (X,))
A

MPOU3BOAHA

Y+App--oaoo---

Y

0 X xX+Ax

Y paBHA BTOPOM CMEIIIAHHOW MPOU3BOAHON (DYHKIIMHU pacIpeaeIICHUS:

2
F(x,y) = lim PXSX <X+ AGALY <Y <y+ Ay} TF(x.Y)
Ax—0 AXAy axay .

Ay—0
I'eomerpuuecku f(x,y) — 3T0 HEKOTOpast nosepxHocmv pacnpedeieHusi, OHa
aHAJIOTUYHA KPUBOM pacnpeaesieHus Uil OJJTHOMEPHOM CIIy4YalHOW BEJIWMYUHBI. AHa-
JIOTUYHO MOKHO BBECTH TOHSATHE anemenma eeposmuocmu: f(X,y)dxdy. Beposrt-

(8.6)

HOCTbH TOMNAaJaHusl 3HaYEHUs ABYXMEpHOU ciydaiiHoi BeauuuHbl (X,Y) B MPOU3BOJIb-
Hyt0 o0nacTs D paBHa CymMMe BCEX 2JIEMEHTOB BEPOSITHOCTH IS 9TOM 00JIacTH:

p{(X,Y) e D}=[[ f(x, y)dxdy (8.7)
(D)
BeposiTHOCTB MOMNagaHus B MPSMOYTOJIbHYIO 001aCTh!

B
pla<X <BS5<Y <7)=”f(x,y)dxdy . (8.8)

CBolicTBa IByXMEPHOM MJIOTHOCTH:
1. f(x,y)>0,
2. YcnoBue HOpMUPOBKH:

P(—00<X < +00;—00<Y < +00)= j j f(x,y)dxdy =1 . (8.9)

—00 —00
['eomeTpuyecku — 00bEM Tela, OTPAHUYCHHBIN TOBEPXHOCTHIO pacpeeIeHUs
1 110cKocThio X0y, paBeH eauHHUIIE.
3. [lepexon x GpyHKIMM pacrpeaeieHus:

FXY)=p(X <xY <y)= .X[ j. f(t,s)dtds=1 . (8.10)

—00 —00
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4. Tlepexos1 K OTHOMEPHBIM XapaKTEPUCTUKAM:

[e'e)

f, 0= [ f(x y)dy; (8.11)

—00

o0

f,(y) = [ f(x y)dx. (8.12)

—Qo0

8.2. 3aBHcHMbBIEe H HE3aBHCHMBIE Cﬂyqaﬁﬂble BCJINYHNHBI
Benuuuna X ue3zaeucuma OT BEIUYMHBI Y, CCJIK €€ 3aKOH pacCIpCACIICHUA HC
3aBUCHUT OT TOT'0, KAKOC 3HAYCHUC IIPHUH:AJIa BCIIMYNHA Y. I[J'IH HC3aBMCHUMBIX BCJIIMYNH
BBIIIOJIHACTCA CIICAYIOINNC COOTHOICHMSA, T. €. KPUTCPUHU HEC3aBHUCUMOCTHU:

L F(y)=p(X<x,Y<y)=p(X<x)p(Y<y)=Fx()F(y), V X, y; (8.13)
2. nns menpepbiBHbIX BenmauH — (X, y) = £, () (Y), V X, y; (8.14)
3. I AUCKPETHBIX BETUIHH — P =PiR. Y L J. (8.15)

B Tom ciiydae, eciau KpUTEpUU HE BBIMOJHSAIOTCS XOTsI Obl B OAHOW TOYKE, Be-
anurHbl X U Y SBJISIOTCS 3aBUCUMBIMHU. [[71s1 HE3aBUCHUMBIX BEJIIMYUH JIBYXMEpHBIE
(GopMBbI 3aKOHa pacHpeleNeHUs HE COJEp)KaT HUKAKOM JOMOJIHUTENbHON HH(pOpMa-
UM, KPOME TOM, KOTOpasi COAEPKUTCA B JABYX OJTHOMEPHBIX 3akoHax. Takum oOpa-
30M, B CIyyae 3aBUCUMOCTHU BEIUYHUH X U Y, IEPEXO0] OT ABYX OJHOMEPHBIX 3aKOHOB
K JBYXMEpPHOMY 3aKOHY OCYIIECTBUTh HEBO3MOKHO. JIJ1s1 3TOro HE0OXOAMMO 3HAThH
YCIIOBHBIE 3aKOHBI PaCIIPEIEICHHUS.

8.3. Yc/10BHBIE 3aKOHBI pacnpenaejieHust

Ycnoenvim 3axonom pacnpedenenus Ha3pIBacTCSA pacupenesieHHE OOHOU CITy-
YallHOW BEJIMYMHBI, HAWJIEHHOE NIPU YCJIOBUH, YTO Apyras CilydaiHas BEJIUYHMHA MPHU-
Hs1JIa ONPEEIICHHOE 3HAUEHUE.

Ycnosenwvie psaovl pacnpedenenus s nUCKpeTHBIX cocTaBisomux X u Y
oTpeeNstoTes 1Mo hopmynam:

o
.. = X /Y = :1’ ey
Py = PX =X y;)= o =y) n. (8.16)

p.
Y=y /X=x)=——"2—o
pj/l ( yJ ) p(xzxi)

Marpuua pacrpeesneHuss BEpOATHOCTEH JUCKPETHOU JBYXMEPHOM CIly4aliHON

] jzll""m. (8.17)

BeMYMHBI (X)Y), €Clii ee KOMIIOHEHTHI 3aBUCUMBI, «IIOPOXKIACT» J[BA OJHOMEPHBIX
psna BepositHocTei (cMm. (8.4, 8.5)) u ABa ceMeiicTBa YCIOBHBIX PsIIOB BEPOATHOCTEN
(8.16, 8.17).
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Ycnoenvie nnomnocmu pacnpedenenusn 115 HENPEPHIBHBIX COCTABISAIOMNX X
u Y onpeaenstoTcs no Gopmysiam:

f(x/y)=%, s f, (y) %0 (8.18)
f(y/x){L(’Xy)), s £, () %0, (8.19)

VYcioBHBIE 3aKOHBI pacrpeaeseHusl 001aJaloT BCEMU CBOICTBAMH COOTBET-
CTBYIOILIMX UM OJHOMEPHBIX (POPM 3aKOHOB PACHpPECIICHHUS.

Ecnu Benuuunabl X ¥ Y HE3aBHCHMBI, TO YCIOBHBIE 3aKOHBI paclpeeieHUs
paBHBI COOTBETCTBYIOIINM O€3yCIIOBHBIM:

Pyj = Pi i=1..,n; (8.20)
pyi=p; J=L..,m; (8.21)
f(x/y)=f(x); (8.22)
f(y/x)=f(y). (8.23)

Cnenyer oTnMyaTh (PYHKIMOHAIBHYIO M CTaTHCTUYECKYIO (BEPOSITHOCTHYIO)
3aBUCHUMOCTH MEXAY ciyyallHbIMU BennuuHamu. Eciu X u Y ciydaiiHble BETUYMHBI,
KOTOPBIC CBSI3aHBI MYy COO0H (PYHKIIMOHATBHOMN 3aBUCHMOCTBIO Y = ¢(X), TO, 3Has
3HaueHue X, MOKHO TOYHO BBIYMCIUTH COOTBETCTBYIOIIKE 3HaUeHHE Y, 1 HA00OPOT.

Ecnu mexny ciaydyallHbIMU BEJIMUMHAMU CYIIECTBYET CMAMUCMUYECKAs 346U-
cumocmsy (BenmuauHBI X 1 Y 3aBUCHUMBI cM. (8.13 — 8.15)), To mo 3HaYeHUIO OJTHOM U3
HUX MOKHO YCTaHOBUTB TOJIBKO YCIIOBHOE paclpe/iesieHue BEpOSITHOCTEN OpyroM, T.
€. ONpeAeNuTh, C KaKOil BEPOATHOCTHIO MOSBUTCS TO UM MHOE 3HaYEHHUE APYroil Be-
JVYMHBI.

Ilpumep. Y— ypoxaii 3epHa, X— KOJIMYECTBO YI0OpEeHU HAa HEKOTOPOM y4yacT-
ke 3emii. O4eBHUIIHO, 4TO MeXAy X U Y CYLIECTBYET CTaTUCTHUYECKasi 3aBUCUMOCTb,
TaK Kak 3HaueHue Y (ypOoXalHOCTh Ha YYacTKE€) 3aBUCUT M OT MHOTUX JAPYTux (ax-
TOPOB.
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Jleknusa 9

9.1. YncsioBble XapaKTePUCTHKH IBYXMEPHBIX BeJIHYUH

PaccMOTpHM OCHOBHBIE YHCIIOBBIC XapaKTEPUCTUKHU IBYXMEPHOM CiTydaitHO#
Beanunnsl (X, Y).

9.1.1. Cmewmtannnvie HauanvHbvle MOMEHMbL

Cmewannblit HaUaILHBLI MOMerm TIOpsiKa K+S paBeH MaTeMaTHYECKOMY
0’KUJIAHUIO TTPOU3BeACHUS X KuYS:

22 KY; - Py, am JICB;

i=1 j=1

(% Y) =M[XY*]=4 ° (9.1)
j jx y® - (X, y)dxdy, s HCB
Haunbonee yacTo ucmnosib3yemMble Ha4aIbHbIE MOMEHTHI:
my =ao(X,Y), M =, (X Y). (9.2)

9.1.2. Cmemanuvie yenmpanvHvle MOMEHMbL

CMeumanHblil UeHMPAIbHBLI MOMEeHm TIOpsKa K+S paBeH MaTeMaTHYECKOMY

o O
k s
OKMIAHUIO POM3BEICHHUS LIEHTPUPOBaHHbIX BenuunH X " u Y = :

ZZX -my) (y mY)s'pij’
Hes (6 Y) =M[(X =m)*(Y -m, )] = 9.3)

(x my ) (y—m,)*- f(x, y)dxdy,

8'—.8
8'—.8

TAe Py - QJNICMEHTBI MAaTPHULIBI PACTIPEACICHUS BEPOSITHOCTEH AUCKPETHOM CIIy4anHOM

Benunnsl (X, Y);
f(X,y) - coBMecTHasl TNIOTHOCTh BEPOSTHOCTH HEMPEPHIBHOW CITy4aliHOW BEJH-

uynHbI (X, Y).
PaccMmoTpuM Hanbosee 4acTo UCOIb3yEeMbl€ LIEHTPATbHbIE MOMEHTHI:
_ _ 2 _ _ 2
Dy = 16,,(X, Y) = 0,0 (X, Y) =My, Dy = 115, (X, ¥) =, (X, y)—my . (9.4)
Oco0Oy10 poJib B KaUe€CTBE XapaKTEPUCTUKHU CUCTEMBI CITyYailHbIX BEJTMYHMH UTpa-
€T BTOPO#l CMEIIAHHBIN IHEHTPAIbHBIA MOMEHT 2-TO Topsimka (X, Y), KOTOpBIi

HAa3LIBACTCA KOpPpeIAYUOHHBIM MOMEHNIOM CﬂyqaﬁHBIX BCINYNH X, Y.
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9.1.3. Koppenauuonnwtit momenm

Koppenayuonnwtiit momenm Kyy xapakrepusyeT CTENEHb TECHOTHI JIMHEUHOU
3aBUCUMOCTH BeJIMUMH X U Y U pacCeMBAaHUE MX 3HAYCHUM OTHOCUTEIHHO TOUYKH
(myx, my):

Ky =#4:(X, Y) =, (X, y) —m,m, . (9.5)

CaoiictBa koBapuauu Kyy :

1. Kxy = Kyx.

2. KoppenaioHHbIiI MOMEHT JIBYX HE3aBUCHUMBIX CIy4allHBIX BeIU4YMH X U Y
PaBEH HYJIIO.

JTlokazamenvcmeo. Kyy = (X, y)—m,m, = j J. x 'y f(x,y)dxdy -m,m,

—00 —00

Jlns nesasucuMbix BenmunH (em. (8.14)) f(x,y)=f, (x)- f,(y), =

o 00

[ [xy fooydsy =[x £, 0de- [y £, (dy=mm, u K,, =m,m, —m,m, =0.

—00 —00

3. AOGcComOTHAsT BEIMYMHA KOPPEISLMOHHOTO MOMEHTA JIBYX CIy4YalHBIX Be-
JIMYMH HE MPEBBIIAET CPEIHETO TEOMETPUIECKOTO UX TUCIIEPCUI

|KXY|S\IDX D, HHH|KXY|SGX0-Y - (9.6)

Jloxazamenvcmeo. IlpuBeneno B nekuu 11(cm. m.11.2.2).

Ecmn K,, <0, T0 Mexny BenmuuHamu X u Y CyIIECTBYET OTPHIIATEIIbHAS
KOPpEISLMOHHAs 3aBUCUMOCTD, T. €. BEJIMUYUHBI CBSI3aHbl CTATUCTUYECKON 3aBUCHUMO-
CTBIO M 4eM OoJibllle 3HAYEHHE OJHOW BEIMYMHBI, TEM OOJiee BEPOSITHbl MEHbIINE
3Ha4YeHUE y Apyrou. [lpumep. X — 4uClio MPOIYCKOB 3aHITUN CTylIeHTa, Y — OIlEHKa
Ha DK3aMEHe.

Ecmu Ky, >0, To Mexay BenuunHamMu X U Y CYIIECTBYET IMOJIOKUTEIbHAS
KOPPEJSIIUOHHAs 3aBUCHUMOCTD, T. €. BEJIMYHUHBI CBSI3aHbI CTATUCTUYECKON 3aBUCHMO-
CTBIO U uYeM OOoJibllle 3HAYEHUE OJIHOM BEIMYMHBI, TEM 00Jie€ BEPOSITHHI OOJIBIIINE
3HaueHus y Apyrou. Ilpumep. X u Y — pOCT U BeC HayraJl B3sTOrO CTYJECHTA.

Ecmu Ky, =0, o Beamuunbl X u Y Ha3bIBAIOTCS KOPPEIAIUOHHO HE3aBHCH-
MBIMHU WIH HEeKOPPeaupoOBaAHHbIMU, T. €. MEKIY HUMH OTCYTCTBYET 3aBUCHUMOCTD JIl-
HeuHo20 Xapakrepa.

Ecm Ky, # 0, To Benmmuunbl X v Y Ha3bIBAIOTCS KOPPEIUPOBAHHBIMU.

Wtak, 13 KOppeIMpoOBaHHOCTU JIBYX CIIyYalHBIX BEJIMUMH CIEIYET UX 3aBUCHU-
MOCTb, HO U3 3aBUCUMOCTH €Il€ HE BBITEKAET UX KOPPEIUPOBAHHOCTD, TAK KaK 3aBU-
CHMOCTb MOXET UMETh U HEJIMHEUHBIN XapakTep. 13 He3aBUCUMOCTH CIIy4alHbIX Be-
anuuH (cM. Kputepun HezaBucumocTH (8.13—8.15)) obs3aTenbHO cieayeT X HeKop-
PENMPOBAHHOCTh, HO U3 HEKOPPEIMPOBAHHOCTH HE BCEr/AA CIEAYET HE3aBHCHUMOCTD
ITUX BEJINYUH.

Bennuuna xoBapuarmu K, 3aBUCHT OT IUCHIEPCUM CITydalHBIX BEJMYHH X, Y,
T. €. OT PACCEUBAHUS X 3HAYEHHI OTHOCUTENIBHO TOYKH (My, My), TO3TOMY AJIsi TOTO,
YTOOBI MOJYYUTh XAPAKTEPUCTUKY TOJBKO CTENEHH TECHOTHI JIMHEWHOW 3aBHCHMO-

48



CTH, KOPPEJSIIIMOHHBI MOMEHT HOPMHPYETCS. DTa YUCIIOBAsl XapaKTEPUCTHKA HA3bI-
BaeTcs KOA(DPUIIUEHTOM KOPPETISIIHH.

9.1.4. Koaghgpuuuenm xoppenauuu

Kos¢ppuuuenm roppenauuu Ry, xapakrepusyeT CTEleHb JMHEHHON 3aBHCH-
MOCTH BEJIMYMH U PABEH:

|<XY — |<XY

DD, oyxo,°

Ry = (9.7)

CaoiicTBa K03 dulieHTa KOppesuu:
1. AGcomoTHas BenMurMHA KO3(DPUIIMEHTa KOPPEISAIUU IBYX CIy4alHBIX BEIU-

YYH HE MIPEBINIACT ¢AUHHULIBL: |va | <1,

Jloxazamenvcmeo. Pazgenum o0e wyacth JBOMHOro HepaBeHcTBa (9.6)
—-oy 0, <K,y <0,0, Ha MPOU3BEICHUE MMOJOKHUTEIBHBIX YUCEI Oy 0, =0 H moaydyum
—1<Ry, <1= |Ry|<1.

2. |va | =1, ecoiu Benmumnbl X, Y cBA3aHbBI IMHEHHOM (hYHKITMOHATBHOM 3aBH-

cuMocThi0 Y=aX+b.
Jloxazamenbcmeo.
Kyy = £4:(X, y) = M[(X —=M[X])(@X +b—-M[aX +b])] =
=M[(X —m,)(@aX +b—am, —b)]=aM[(X —m,)*]=aD,.
Haiinem nucnepcuto Y: D[Y]= D[aX +b] = a’Dy ,r.e. K02 GULUEHT KOP-
K aD a
Ry = X = X =—:>|RXY|=1.
\ij Dy \ij a’Dy |a|
Yem Oouibliie aOCOMIOTHAA BeJIMYMHA KO3P(PUIMEHTA KOPPEALHH, TeM OJIMKe

CTAaTUCTUYECKAs 3aBUCUMOCTh BEIMYUH X, Y K JUHEHHON (PYHKIIMOHAIBHON 3aBUCH-
MOCTH.

pensuuu:

3. Eciu Benmunns! X 1 Y He3aBUCHMEL TO Ryy =0

9.2. Yc/i0BHBIE YHCJIOBbIE XaPAKTEPUCTHKHU

Jl7is 3aBUCUMBIX JABYXMEPHBIX BEJIMYUH MOTYT OBITh OMpEACNICHBI YCIOBHBIC
3aKkoHBI pactpenenenus (cM. (8.16—8.19)). Otu 3akoHbl pacrpeneneHus 001a1al0T
BCEMH CBOMCTBaMH O€3yCIIOBHBIX 3aKOHOB, M HAa X OCHOBE I10 M3BECTHBIM (hopMyiam
(5.1-5.4) (mocne 3ameHbl B HUX 0€3yCIOBHBIX 3aKOHOB Ha YCJIIOBHBIC) MOTYT OBITh
BBIUMCJICHBl YHCIIOBBIE XapaKTEPUCTHUKH, KOTOPBhIE Ha3bIBAIOTCA  YCIOBHBIMH.
Haubonbiiee mpakTHueckoe 3HAUEHHE UMEIOT YCJIOBHBIE MAaTeMaTHYeCKHe OXKUa-
HUSL.
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9.2.1. Pezpeccus

Ycnoenvim mamemamuueckum oxcuoanuem CiydaniHON BeIMYUHBI X Ha3bl-
BAETCS €€ MAaTEMAaTUYECKOE OKMIAHUE, BBIYMCIEHHOE IIPU YCIOBUHU, YTO CIydalHAas
BenMYMHA Y IPUHSIIA ONpeeTIeHHOE 3HaueHue Y =Y !

zxi - Py, mrst ICB;
i1

M[X/y]=m,,, = (9.8)

| x-f(x/y)dx, s HCB.

AHaJNIOTUYHO U JJIA
n

zyj P ATIA JCB;

i=1

MEY X1 =m,,, =1, 09
I y- f(y/x)dx, mms HCB.

VY ci10BHOE MaTeMaTUYECKOE OXHNAaHHC mX/y Ha3bIBACTCA perpeccneﬁ X Ha Y,

a yCJIOBHOE MaTeMaTU4yecKoe oxuganue M, — perpeccueil Y Ha x. O4eBUIHO, YTO
YCIIOBHBIE MaTEMAaTUYECKUE OKUJAHUS IMPENCTABISAIOT COO0M HEKOTOphIE (PYHKIIUH,
KOTOPBIX 3aBHCAT OT 3HAYCHHUSA, B3ATOr0 B ycaoBuu, T. €. My, = w(y), a

m, ,, = @(X) . I'paduku 5TUX 3aBUCUMOCTEl Ha3bIBAIOTCSA TMHUAMHU PEIPECCHH:
R

5%}

my

X

Jlunus perpeccun 1 ykaspIBaeT, 4To MeXy BenuuuHaMu X, Y CYyIIECTBYET MO-
JIOKUTENbHAS KOPPENAIMOHHAsA 3aBUCUMOCTh, TaK KaK MPU yYBEJIMUYCHUU 3HAYCHHS X
Oomnee BeposTHBI Ooubiive 3HaYeHUs1 Y (cpeaHee 3HaueHHe Y yBEIMYUBAETCS), T. €.
Kyy > 0. JIuaus perpeccuu 2 yKa3pIBaeT, 4TO BEIMIUHBI X, Y HE 3aBUCHUMBI, a TUHHS
perpeccun 3 — 9TO MEXAy BenuduHaMu X, Y CYIIECTBYET OTpHUIATEIbHAS KOPPEIs-
IIHOHHAS 3aBUCHMOCTh, T. €. K, <O0.

PerpeccronHbI aHaU3 TTO3BOJISIET BBISIBUTH XapaKTep CBSA3M MEXKy BEIUUYHHA-
Mu X, Y. Benuuunsl X, Y Ha3bIBAIOTCS JIUHEUHO KOPPEIUPOBAHHbIMU, €CITA JIMHUU Pe-
TPECCHUH SIBIISIFOTCS TIPSMBIMU. Y PAaBHEHHUSI IPSMBIX PETPECCUH UMEIOT BU/I:

Oy O x
my,, =m, + Ry, (x—my), My, =My +Ryy (y—m,). (9.10)
O x Oy
O06e npsiMble MPOXOIAT yepe3 TOUKy (My, My), KOTOPYIO Ha3bIBAlOT LIEHTPOM
COBMECTHOTO pacrpeesieHus BeauuuH X u Y.
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Jlexuus 10

10.1. HopmaJjibHbIi 3aK0H pacripeieJIeHUs1 HA MJIOCKOCTH

HenpepsiBHast nByxMmepHas ciydaiiHas BenuuuHa (X, Y) UMEET HopmaivHoe
pacnpeoenenue, €Clii €€ IIOTHOCTh BEPOSITHOCTU paBHA:
1 [(emy)® 2Ry (x-my )0x-my)  (y-my )’

f (X, y) = 1 e 2(1_R)2<Y)L 20>2< Ox Oy ZUYZ
270y 0y 1—- Ry

rae My, m,,oy,0y,, Ry, — mapamerpsl pactpeneneHus.
Ecnu cocraBnstomue X, Y AByMEPHONH HOPMaJbHO pacHpeel€HHON ciaydai-
HO# BEJIMYNHBI HEKOPPEITHUPOBAHbI, TO OHU M HE3aBUCHMBIL, T. €. ipu Ry, =0

_1{<X—mx>2+<v-mv)z} 1 xem? 1 (y-m,)?
f(x,y)= e o o |= 207 ._2 g 2t =f,(x)f,(y)
Gy\/ T

. (10.2)

2ro, Oy

Ntak, 11 HOpMaJbHBIX CIyYalHBIX BEJIUYUH MOHATHS HE3aBUCUMOCTH U HeE-
KOPPEIUPOBAHHOCTH PABHOCUJILHBI.

10.2. 3axon pacnpeaenenusi GyHKIUU ABYX CAYYAHBIX BeJMYUH

PaccmotpuMm QyHKIMIO OBYX ciydaiinbix aprymentoB Y = @(X;, X,). Heo6-
XOJIUMO OMPEACIUTh 3aKOH paclpeefieHUs CIydaitHON BeIMYUHBI Y MO W3BECTHOMY
3aKOHY pacIpe/IeNICHuUs IBYXMEPHOH CITy4ailHON BEIMYHHBI (X1, X3) B BUIy TIpeoOpa-
3oBaHusA @. OyHkus pacnpenencaus G(Y) BenuduHbl Y onpeaesseTcs mo hopMmyiie

G(y) = p(Y <¥) = p(f (%) <¥) = [] 06, %)declx, (10.2)
(D)
rae f(X,X,) — coBMecTHast IUIOTHOCTH BEPOATHOCTH BEIUYUH X1 U Xp.

B dopmyne (10.2) uaTerpupoBanue mpousBoautcs 1mo obmactu D, xoropas
onpezensercs u3 ycaosus @(X;, X,)<Yy. ®dopma obractu D 3aBucuT OT BHIa
by @(X,, X,). B cinydae, korma Y = X; + X,, 001acTh HHTETPUPOBAHMS
UMEET BHJI, TOKa3aHHBIA Ha PUCYHKE,

-

XJ

w.
A\ J
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B nanHoMm ciydae pyHKUIMS pacnpeeNieHusi CyMMBbI IBYX CIyYalHBIX BEIUYUH
onpezensercs no popmyie

o [ Y=X o [Y=X;

G(Y)=[{ [ fOux)d pdx =] [ FOox)dx cdx,.  (10.3)

—o —00

JudbdepeHnupysi 3T0 BhIpaKEHHUE MO Y, MOJYyYWM TUIOTHOCTHh PACTIPEICICHUS
BEJIMYHHEBI Y

o0

()= | £y =x)d = [ £y =%, %)dx, . (10.4)

—0

Ecnu Benmmuuael X 1 X, HE3aBUCHMBI, TO
9() = | ,00) Ry —x)dx = fi(y =) f,(,)dx, . (10.5)

B ciydae, korja cKiaabIBatOTCsl HE3aBUCUMBIE CIIy4ailHbI€ BEIMYUHBI, TOBOPSIT
0 KoMnosuyuu 3axonog pacnpeoenenusi. 1Ipou3BecT KOMIIO3HMIIMIO JBYX 3aKOHOB
pacnpesesieHdss — 3TO 3HAaYUT HAaWTU 3aKOH paclpeleleHUs] CyMMBbI JBYX HE3aBUCH-
MBIX CIIYYalHBIX BEJIMYMH, pactpeieieHHbIX o 3TuM 3akoHam (10.5).

10.3. MHoromepHble cjay4aiiHble BeJTHYNHbBI
COBOKYITHOCTB IMPOU3BOJIBHOTO YHCIa N OJHOMEPHBIX CIyYalHBIX BEIUYUH X;

(i =1,...,n), KOTOpbIC NIPHUHUMAIOT 3HAYCHUE B PE3yJIbTaTe MPOBEIACHUS OJHOTO M TO-
r'o K€ ONbITa, HA3bIBACTCSI N-MEPHOM ciTydailHOM BenMuuuHOu (X1,X7,...,.Xy). E€ MoxHO
VHTEPIPETUPOBATH KAK CIIYYaWHYIO TOUKY WJIM CIIyYalHbIM BEKTOP B N-MEPHOM IIPO-
CTpPaHCTBE.

[TonHO# XapakTepuCTUKONW N-MEPHOU ClIydyallHOW BeNW4uHBI (X1,X,....X;) SIB-
JSieTCs N-MEPHBIA 3aKOH pachpenesieHusi, KOTOPbId MOXKET ObITh 3a7aH (DyHKIMEH

pacupeaciacHud I IJIOTHOCTBIO BEPOATHOCTH.

10.3.1. @yukuusn pacnpeoenenusn
@Dynkyuen pacnpedenenuss N-MEpHON ciydaiHOW BennyuHON (X1,X5,...,X))

Ha3bIBACTCA BEPOATHOCTDL BBIIIOJIHCHHA n HCPABCHCTB BI/II[a)(i <X;j:
F (X, XX ) = PL(X, < X)(X, < X2)... (X, <X,)}. (10.6)
OyHKIUIO pacnpeeseHus 000 YaCTHON CUCTEMBbI U3 BEJTUYUH, BXOJISAIINX B
CUCTCMY, MO’KHO IIOJIY4YHUTb, CCJIN ITOJIOKUTH BCC OCTAJIbHBIC aPTyMCHTLI n-MepHOﬁ

GbyHKUIMU pacnpeieNieHus: paBHBIMU O€CKOHEUYHOCTH.
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10.3.2 Ilnomnocmos pacnpeoenenus
Ilnomnocmoio pacnpeodenenus N-MEPHON CITydalHOW BeTUIHUHBI (X1,X, ..., X))

Ha3bIBacTCA N-s CMEIIAaHHas yacTHas npousBoxHas GpyHkuun F(X,X%,,...,X,), B3sTas
OJIMH Pa3 Mo KaXJA0MYy apryMEHTY:

O"F (X, Xy X, )
f l yreny = :
0% %0) OX, 0%, 0%, (10.7)

Omna o6nagaeT caeayouMMi CBOUCTBAMMU:

1. F(X, %, %,) 20,

2. YcnoBue HOpMUPOBKH:
JI f (X, Xy,eens X )AX DX, ...0X, =1, (10.8)

3. IlmotHOCTH pacipCaciaCcHusa MCHBIICTO IIOPsAAKa MOT'YT OBITh ITOJIYUYCHBI ITY-
TCM HHTCTPHPOBAHUA n-MepHOﬁ INIOTHOCTHU PAaCIpCACIICHUA 110 HCHYKHBIM IICpC-
MCHHBIM. HaHpHMep, OJHOMCpHAsA INIOTHOCTH PACIIPCACICHHUA BCIIMINHBI XK paBHaA:

~+00

f (%)= J...(H)..J' (X Xy 0oy X JOX L OXAX g OX (10.9)

o

4. BeposTHOCTh MmomaaaHus ciaydaiHoi touku (Xi, X,... ,X,) B mpenmensl N-
MepHo# obsactu D paBHa N-KpaTHOMY MHTErpary 1o 3TOM 00JIacTH:

p{(X,, X,,., X ) © D}:j...j F (X, Xy X, )AXOX,.0X, . (10.10)
(D)

Cayuaitable BennduHbl (X1,X5,...,X,) Ha3bIBAIOTCS HE3A6UCUMBIMLU, €CITH 3aKOH
pacripeaeieHns KakI0i 4acCTHOM CHUCTEMBI, BBIIECACHHON M3 CHUCTEMBI (X1,X5,...,.X)),
HE 3aBUCHUT OT TOT'0, KAKHME€ 3HAUYCHUS MPUHSIN OCTAJIbHBIE CIydyaiiHble BEJTUYUHBI.

[moTHOCTH pacnpeneneHus CUCTEMbI HE3aBUCUMBIX CITyYalHbBIX BEJIMYMH PaB-
Ha MPOM3BEIACHUIO TUIOTHOCTEH paclpeAcsiCHUs] OTACIbHBIX BEJIMYWH, BXOIAIIUX B

cuctemy: T (X, Xy, X,) = F,(%) F,(%,)... T, (X,).

10.3.3. Yucnoswvie xapakmepucmuxu
OCHOBHBIE YHCIIOBBIE XapPAKTEPUCTUKU N-MEPHOU CIIydallHON BETMUYMHON
(X1, X5, ..., X,) cnenyrorue.
1. BekTop MareMatuueckux oxxuganui M=(mgy,m,,...,my):

+00 +00

M =MIX 1= o % (XX X )OO, =10 (10.10)
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2. Bekrop mucniepcuii D=(D4,D,, ...,D;)

D, =D[X,]= jj (% =) £ (X Xpreey X )X XX, 1 =1,00,0(10.12)

3. KoppensuuroHHas Marpuna, XapakTepH3yrolas MONapHYI KOPPENSIHUIO

BCCX BCJIIMYMH, BXOOAIINX B CUCTECMY:
Kl 1 Kl 2 te Kln

K, K, .. K,

I5,=| o
K, K, ... K,
rae
K, = TT(xl —m)(x; —m,) f(x,...,x,)dx,...dx, | (10.13)

Hanuast matpuna sipisercs cummerpuaHoit ( K; = K ) u Bimouaer B ce0st Bek-

TOp naucnepcuit, Tak kak Kj = D;

4. Marpuria ko3hPUITMEHTOB KOPPETSAIUU:

1 R, ... R,
R, 1 .. R,
IRl = o,
Rnl an 1
rac
K,
R =——= (10.14)

ij fEDi D,

Marpuna kBajgpaTHas U CAMMETPUYHAS.
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Jlexuus 11

11.1. YucaoBble XapakTepucTUKN GYHKINH MHOTHX NepeMeHHBIX
[Tyctb Y = @(X1,X, ..., Xn), THE X1, X, ..., Xj — CllydaliHble BEJIMYHHBI C H3BECT-
HOM COBMECTHOM N-MEPHOM MIOTHOCTBIO BeposTHocTel T (X, X,,..., X)) .
HavansHble MOMEHTBI BETMYUHBI Y OIPEICIISIIOTCS 110 (hopMyJie

[oe)

o, (y) =M[Y*]= _f..._[qok(xl,...,xn)f(xl,...,xn)dxl...dxn, (11.1)

—0o0

a LIEHTpaJIbHbIe MOMEHTHI — 110 opMyIie

() =MIY =m, ) T= [ [ (@04, %) =My ) F (0%, )X X, (10.2)

IpUYEM

m, =M[Y]=M[p(x;....x)]=a(y) , (11.3)
D, = 1,(y) =, (y)—my . (11.4)

B ciywae, korma COBMECTHas IUIOTHOCTb BEpPOSITHOCTH  apryMEHTOB
f (X1 X;,.., X,) HEM3BECTHA, & W3BECTHBI TOJBKO YHCJIOBBIE XAPAKTEPUCTUKH apry-

MEHTOB, TO 3ajJiaya OIpPEJCICHUS YHUCIOBBIX XapaKTEPUCTUK Y paszpenruMa TOJIbKO
JUTSI OTIpEICIICHUSI KI1acCOB (PYHKITUH .

11.2. YucaoBble XapaKTEPUCTHKH CYMMBbI CJIYYAHHBIX BeJTHYUH
n
[Iycts Y =) X, , toe Xi, X, ..., X, — cilyyaifHbIe BEJTMYMHBI C N3BECTHBIMH YHC-
i=1

JIOBBIMHU XapaKTEPUCTUKAMH:
- BEKTOP MaTeMaTH4ecKux oxkumanuii M=(my,m,,...,m,);
- BekTop aucnepcuit D=(D,,D,, ...,D,);

- KOppEISIMOHHAs MaTPHIa ” K ” :

11.2.1. Teopema o mamemamuueckom 0HcUOAGHUU CYMMbl

Teopema o mamemamuyecKkom 0HCUOAHUU CYMMbL CITyYalHBIX BEIUMYMH. Ma-
TEMaTUYECKOe OKHMJIAHUE CYMMBI CIIYYalHBIX BEJIUYMH PAaBHO CyMME MaTeMaTHhye-
CKHMX OKHMJIaHWUW CIaraeMpIX:

M[Y]:M{ixi}:imi_ (11.5)

Joxazamenvcmeo. Ilyctb N =2, T. e. Y = X; + X, u ipeanosioxKum, 4To cliara-
€MbI€ HENPEPBIBHBIE CIIyYalHbIE BEJIMYUHBI C HEKOTOPOU COBMECTHOM IJIOTHOCTBHIO

pacrpenenenus f(X,X,). Torna
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m, =M[X,+X,1= [ [ (4 +%)f(x,%)dxdx, =

—00 —00O

— T T X, T (%, X,)dx,dx, + T T X, T (X, X,)dx,dx, =m,+m,.

— 00 —o0 —00 —00
AHaJ0TrM4YHO U ML JTUCKPCTHBIX CllIaraCMbIX. HCHOJII)BYH METOO MaTreMaTu4dc-
CKOH WHAYKIHH, JICTKO N0KAa3aTb, YTO TCOPCMaA CIIpaBCIJIMBa OJIA Jr000ro N.

n
Ecm Y =3, +Zaixi , TIe &; — He ciaydyaiHble KO3 (UIIUECHTHI, TO MaTeMa-
i=1

TUYECKOE OKuJanue Y paBHO:
my :M|:ao+zaixi:|:ao+zaimi- (11.6)
i=1 i=1

D70 JIeTKO J0Ka3ath, ucnosb3ys (11.5) u cBoiicTBa MaTEMaTHYECKOTO OKUJIa-
s (M[c] = ¢, M[X+c] = my +c, M[c-X]=c-m, ).

11.2.2. Teopema o oucnepcuu cymmol

Teopema o Ooucnepcuu cymmpl CIy4ailHbIX BEJIMYUH. [[ucriepchsi CyMMBI Cily-
YaliHBIX BEJIMYMH paBHA CYMME BCEX DJIEMEHTOB KOPPEJSAIMOHHON MaTpHIIbl cllarae-
MBIX:

DW]zD[iXi}:iiKij :iDi+2iZn: K . (11.7)

i=1 j=1 i=1 j=i+l
Jlokazamenbvcmeo.

DIY]=M[(Y —=m, )*] =M ﬂ X _nl miﬂ— M Kzlxﬂ—

[
R
a

[Tpu n=2:
D[X +Y]=D, +D, +2K,;. (11.8)
Credcmeue. Jlucniepcusi CyMMBI HEKOPPEIUPOBAHHBIX CIYYAiHBIX BEIMYMH
paBHa CyMMe JIUCIIepCHii 9THX BenmunH, Tak kak Ky =0, Vi, j:

o7

n

4 D; . (11.9)
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n
Ecm Y =4, +ZaiXi , TIe 8; — He ciy4yaiiHble KOG PUIMEHTHI, TO AUCTEP-
=)

cus Y paBHa:
n n n-1 n
D, =D ao"'zaixi :ZaizDi+zzzaiajKij : (11.10)
i-1 i-1 ioL joitl
D10 JNerko jaokaszarh, ucnonb3ysd (11.7) m cBoiictBa mucnepcuun (D[c] = O,
D[X+c] = Dy, D[c-X] = ¢? Dy).
Ilpumep. Jlokaxkem, 4TO aOCOJIOTHASs BEIMYMHA KOPPEISIIIMOHHOTO MOMEHTA
JBYX CIy4YaWHBIX BETUYMH HE MPEBBIMIACT CPEIHETO T€OMETPUUYECKOTO MX TUCTIEP-

|KXY| < «fDX DY HHH|KXY| <Oy O0y.
BBeI[eM B paCCMOTpeHHe CﬂyqaﬁHBIe BCJIIMYMHBI
Z =o0,X-0,Y,

Z,=o,X+o,Y

CUU:

Y BBIYMCIUM UX qucrepcun o Gopmyie (11.10):
D[Z,]=20.0! —20,0, - K, ;
D[Z,]=20%0% + 20,0, -K,, .
Tak KaK AMCIEPCHS BCEr[a HEOTPUIATEIbHA, TO 2040, —20,0, Ky >0 =
0,0, 2K, u 20507 +20,0, - K, 20 = —o, 0, <K, .

Taxum o6pasom, —oy oy, < K,, <oyo, = |Kyy|< ooy .

11.3. YucaoBble XapaKTEePUCTUKU MPOU3BEEHUA CIYYANHBIX BeJIMYMH

n
ITycTh Y :HXi , tne Xi, Xp,..., Xy — ciy4yaliHble BEJIWYMHBI C U3BECTHBIMU
i=1

YHCIOBBIMH XapaKTEPUCTHKAMHU:
- BEKTOP MaTeMaTH4ecKuX oxkumanuii M=(my,m,,...,.m,);
- BekTop aucnepcuit D=(D4,D,, ...,D,);

- KOppEJSAIMOHHAs MaTPHULIA H K H :

11.3.1. Teopema 0 mamemamuueckom 0xHcuOAHUU NPOU3BEOCHUA

Teopema 0 Mamemamuyeckom O0MNCUOAHUU npou36e0enuﬂ CﬂyqaﬁHBIX BCJIN-
yuH. MaTteMaTuyeckoe OKUAaHUC TIPOU3BCIACHUA JIBYX CﬂyqaﬁHBIX BCIIMYUMH PABHO
IMPOU3BCACHHUIO NX MATECMAaTUYCCKHUX O)KI/I)IaHI/Iﬁ IIJIIOC KOBapHualusi:
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m, =M[XX,]=mm, + K. (11.11)
Jloxazamenvcmeo. 110 onpeneneHno KOBaprualus paBHa:
K, =M [Xl Xz] =M [(Xl - ml)(XZ o mz)] =M [X1x2] —mms.
Otkyna ciexyet hopmyma (11.11).

Cneocmeue. MateMaTHUECKOE OXKHMIAaHUC IIPOU3BCACHNA HC3aBUCHMBLIX CIIY-
YalHBIX BEJIUYMH PaBHO IIPOU3BCACHHUIO HX MATCMAaTHYCCKUX O}KH,HaHHﬁ:

m, =M{Hxi}=ﬂmi (11.12)
i=1 i=1
Hokaszamenvcmeo. Ilycte N = 2. JIns HE3aBUCHMBIX CIy4YalWHBIX BEITUYHUH
K; =0, Vi, j, Torna ¢popmyna (11.10) mpumer Bug M, =M[X, X,]=mm, . Uc-

MOJIB3Ysl METOJI MaTeMaTHYECKON MHIYKIIMH, JIETKO J0Ka3aTh, uTo (11.12) crpaBen-
JIUBA JJI JIFDOOTO N.

11.3.2 Teopema o oucnepcuu npouszeedenus

Teopema o oucnepcuu npou3eedeHusn CiiydaiiHbIX BelWduH. J{ucnepcus mpo-
U3BCICHHS HC3aBUCHMBIX CITYYaifHBIX BEJTUYMH paBHA

D, = D[lilxi}zlj(Di +mi2)_1i[mi2 (11.13)
Jloxazamenvcmeo. 110 on_pez[eﬂeHI/IK; JTACTIEPCHUS paBI;a
2
D{ﬁxi}ml(ﬁxijzl_[M{ﬁxiD w [T T =0T
i=1 i=1 i=1 i=1 i=1 i=1 i=1
[Tpu n=2:
D[X-Y]=D,-D, +my -D, + D, -m; (11.14)

Cnedcmeue. Jlucnepcusi TpOU3BEICHUSI HE3aBUCUMBIX IIEHTPUPOBAHHBIX CITY-
YallHBIX BEJIMYUH PaBHA MPOU3BEIACHUIO AUCTIEPCUIN ITUX BEIUYMH:

D, = D{ﬂxi}ﬁﬂ. (11.15)
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Jlexkuusa 12

12.1. 3akoH 0OJBIIAX YK CEJT

[IycTp MpOBOAUTCSA OMBIT, B KOTOPOM HAC MHTEPECYET 3HAYCHHE CIIyYalHOU
BesnunHbl X. [Ipy OTHOKpAaTHOM NMPOBEICHHUH ONBbITA HEJIB3S 3apaHEE CKAa3aTh, KAKOE
3HaueHue npumer BennuuHa X. Ho mpu n-kparnom (N > 100...1000) nmoBTOpeHnu
«cpemHee» (cpeaHee apu(PpMETHIECKOE) 3HAYCHUE BEIMYMHBI X TEpSET CITydailHBIA
XapakTep U CTAHOBUTCS OJIM3KHUM K HEKOTOPOU KOHCTAaHTE.

3axkon Oonvwiux yucen — COBOKYIHOCTb TEOPEM, ONPEACISIOINIMX YCIOBHS
CTPEMJICHUS CPETHUX apU(PMETHUECKUX 3HAUCHUHN CIIy4alHbIX BEJIMYMH K HEKOTOPOU
KOHCTAHTE IIPU MIPOBEICHUU OOJIBILIOTO YUCIIA OIBITOB.

12.1.1. Hepasencmeo Yeoviuiesa

Hepasencmeo Yeoviuesa. [1ns mo0Oo¥ cirydaifHONW BEJIMYUHBI X ¢ MAaTEMaTHYECKUM
OXKHJIaHuEeM My U nucriepcueit Dy BBITIONHSIOT ClIeTyIolee HEpaBeHCTBO:

D
PAX —my|= &) <=, (12.1)

rae ¢ > 0.

Hokasamenvcmeo. PaccMOTpUM BEPOSATHOCTD p(| X| >¢):

p(X|ze)= | f(x)dx:j:—i-i—zf(x)dxsjz—zf(x)dx:g—lz [ %1 (dx <

‘X‘Ze ‘X‘Zg ‘X‘Zg ‘X‘Zg
17 M[X?
<= xzf(x)dx:#.
g —00
M[X?]

Takum o6pazom, |O(| X | =2 ¢g) < 2 3aMEHHB HELICHTPUPOBAHHYIO BEJIH-

YUHY X Ha LEHTPUPOBAHHYIO X=X-my, OJIyYUM
M[(X -m,)’] D

p(|X—mx|28)S [( 82 X)]:g;(-

Ipumep. OnpenenuM BEpOSATHOCTb TOTO, YTO CIy4yalHas BEJIMYMHA IPUMET 3Ha-
YeHHe 3a mpejeaMu natepBana 3ox. [lomaraem B HepaBeHcTBe UebbimeBa € =30y, ,
UMEEM:

D 1
p(X —my|=30,)<—*%-==%0,11,
90y 9
HepasenctBo UeObllieBa 1aeT TOIBKO BEPXHIOIO MPAHUILY BEPOSITHOCTH JaHHOTO
OTKJIOHEHUS. 3HAYCHUE BEPOSATHOCTH HE MOXKET OBITh BhIlIe 3TOM rpanuiibl (0,11) Hu
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npu Kaxom 3aKoHE pacmpenencHus. Takum oOpa3oMm, MpaBmIIO 30y BBIIOTHIETCS C
BEpPOSTHOCTHIO HEe MeHbIel yem 0,89.

Cxooumocmos no eepoamHunocmu. HOCJ’IGI{OB&TGJ’IBHOCTL CJIyan\/JIHI)IX BCJIMYUH
P
Xn CXOAUTCS MO BEPOSITHOCTU K BEIUYUHE &, X, —>a , €CIIM IIpU yBEIUYEHUHU N
Nn—oo

BEPOSITHOCTh TOTO, UTO X, U & OyAyT CKOJb YrOJHO OJIU3KU, HEOTPAHUYEHHO MpH-
OJIMKAETCS K eIMHULIE:

p(X,—al<&)>1-6,

rac 8,5 — IIPOU3BOJBLHO CKOJIb YT'OAHO MaJIbIC ITOJIOKHUTCIIbHBIC YU CJIA.

Opna u3 Hanbosee BaXXHBIX (OpM 3aKoHA OOJBIIMX YHcell — Teopema YeObI-
IIeBa, OHA YCTaHABIMBACT CBS3h MEXAY CPECIHUM apu(PMETHICCKUM HAOII0TIaeMbIX
3HAYEHHU CIIy4YallHOM BEJIMYMHBI U €€ MATEMAaTUYECKUM OKUIAHUEM.

12.1.2 Teopema Yeovtuiesa

Ilycth ipou3BeieHbl N OIMHAKOBBIX HE3aBUCUMBIX OIIBITOB, B KaXIOM U3 KO-
TOpPBIX CllydaiiHasi BelnurMHa X TpUHsUIA 3HadYeHust Xi, Xo,..., Xi. Ilpu mocraTouno
OOJBIIIOM YHCJIE HE3aBHCHUMBIX OIIBITOB CpelHee apupMeTUYeCKoe 3HAYEHUM CIy-
yallHOM BEJIMUUHBI X CXOJUTCS IO BEPOSITHOCTH K €€ MaTEMAaTUYECKOMY OXKUJIAHUIO:

18, »
=X > my, (12.2)
[ )

n—oo

1 n
OKA3aMeNbCmeo. MOTPHM BEIUYUH =— i . OmpeneuM 9HcIIo-
Paccmo e Y - X, . Onpene CII0

i=1

BbIe Xapaktepuctuku Y (cm. (11.5), (11.7)):
18 18 1
m, = M[_in] :_ZM [Xi] =—NMy =My,
) ) N 51 n

13 1 1 D
D :D—EX- z—EDX. =—nbh, =—=%
Y [n — |] n2 — [ |] n2 X n
3anuieM HepaBeHCTBO UeObIeBa /1 BEIUYHUHBI Y
1& D D
Y — >g)=p||=> X, —-my|=>¢g |<L=—"X.
P =m[= )= p| |2 X —m ==

Kax ObI HM OBIIO MAJIO YMCJIO & MOJKHO B3SITh N TaKUM OOJIBIIMM, YTOOBI BBITTOJIHS-

D
JI0Ch HEPABEHCTBO 2);] <d0, rme & — CKOJb YroAHO Majioe 4ucio. Toraa
£
1 n
P HZ Xi—my|=¢g |<S. Tlpu mnepexome K HIPOTHBONOJIOKHOMY COOBITHIO
i=1
1 n
p HZ Xi—mMy| <& |>1-J r. e Y cxomuTes mo BEPOITHOCTH K My.
i=1
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12.1.3. Teopema bepuynnu

[IycTs mpou3BeAeHbl N OTMHAKOBBIX HE3aBUCUMBIX OIBITOB, B KaX/JIOM U3 KO-
TOPBIX BO3MOYKHO COOBITHE A C BEPOSITHOCTBIO p. Torna wacmoma nosBIEHUS COObI-
TUSA A B N ONBITaX CXOAMUTCS MO BEPOATHOCTH K BEPOSITHOCTU MOSBIECHUSA A B OJJHOM
OTIBITE!

p*(A) = p(A), (12.3)

* . m
rae P (A) —gactora cobbitusi 4 B n onbitax, P (A) = .

M — YUCJIO OMBITOB B KOTOPBIX MPOU3OILIO COOBITUE A,
N — YUCIIO TPOBEICHHBIX OIBITOB.
[TycTh ciyqaitHas BeTuarHA X — HHAUKATOP COOBITUS A

1,4
0,4’
Toraa Xj — MHIUKATOp COObITHS A B I-M OIIBITE.
UucioBbie XapaKTEPUCTUKH HHANKATOpa X CIydalHOro coObIThs (cM. (6.1)):

my = p, Dy = qp,
rae  — BEpOSATHOCTH OCYIIECTBICHUS A4,q=1-p.
[Tpumenum Teopemy YeOniiieBa:

13 m * P
= Xi=—=p(A) > m, =p=p(A).
n.:1 n n—oo

12.2. llenTpanbHasi npeaejabHasi TeopeMa

JlaHHas Teopema ONpPEAENSIET YCJIOBUS, MPU KOTOPBIX BO3HHUKAET Cly4yailHas
BEJIMYMHA C HOPMAJIbHBIM 3aKOHOM pactpezenenus. Pa3ziaudnbie GopMbl HEHTpab-
HOM MpeeIbHOM TEOPEMBbI PA3IMUAIOTC MEXIY COOOM YCIOBUAMM, HAKIIAAbIBAEMbI-
MU Ha pachpeicsieHUs: 00pa3ylolluX CyMMY CIIy4alHbIX ciaraeMbix Xi, Xo,..., Xi.
Yem jxecTde 3TU YCIOBUSI, TEM Jierde JOKa3bIBAE€TCA TEOPEMa; YeM OHHU IIHUpE, TEM
TpyAHEE JOKa3aTEIbCTBO. 37€Ch Mbl JJOKAKEM OJIHY U3 CaMbIX MPOCTHIX (GopM 3TOU
TEOPEMBI, & UMEHHO, LIEHTPAJIbHYIO MIPEJEIbHYIO0 TEOPEMY JJIsI OMHAKOBO pacmpeie-
JICHHBIX CJIaraeMbiX.

Teopema. Ecin X1, Xy, ..., X — HE3aBUCHUMBIE CIIyYalHbIC BEJIMYUHBI, UMECIOIIINE
OJIHO M TO € paclpeieIeHue ¢ MaTeMaTUIeCKUM OKMAaHueM M U Qucrepceueit o,

TO MPH HEOTPAHMUYCHHOM YBENIMYeHUH N (N —»00) 3aKOH PACIpPE/ICNICHUS UX CYMMBI
n
Y= Z X, HeorpaHMYEHHO MPUOIIKACTCS K HOPMATLHOMY 3aKOHY C HapaMeTpaMy

i=1

m, =n-m, o, =on. (12.4)
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Lloxazamenvcmeo. 1lpoBeneM N0Ka3aTENbCTBO IS CIIydas HENPEPBIBHBIX CIIy-
YalHBIX BETUYHH (JJ1s1 AUCKPETHBIX OHO Oy/IeT aHamoruyHbIM). [IpuMenum 1iiist 3Toro
anmapar xapakrepuctuueckux ¢pyHkuuid. Ciydaiinple BeIU4uHbl X1,X,...,.X, UMeEIOT
OJTHY M Ty € IUIOTHOCTH f(X), a 3HAYUT W Ty XK€ XapaKTEPUCTUYCCKYIO (PYHKIIHIO

Uy (1) . He Hapymias oOLIHOCTH, MOYKHO IIEPEHECTU HAYaJI0 OTCUETA BCEX CITyYalHBIX

BEIMYUH Xj...X, B UX 00llee MaTeMaTHUECKOE OXHJIaHuE M; 3TO PaBHOCHUIBHO UX
IEHTPUPOBAHUIO U, 3HAYUT, ToMY, 4uT0 M=0. CoriacHo cBoiicTBy (7.17) xapakTepu-
CTHYecKast (PYHKIMSI CYMMBbI paBHA NMPOU3BEACHUIO XaPAKTEPUCTUUYECKUX (DYHKITHIA
claraeMblx:

vy, (1) =[o ©)] (12.5)
PaznoxuMm Qyukiuio Uy (t) B okpectHocTn Touku t= 0 B psajg MakiopeHa ¢ Tpems
YJICHAMU.

v, (t) =0, (0) +0} (O)t +[v} (0)/ 2+ a(t)]t? (12.6)
rae npousBojHbie 6epyres no t; a(t) - 0 mput — 0.

Hcnonp3yst coiicTBo (7.16) xapaktepucTuieckux (DyHKIME OnpenenuM 3Ha-
YEHUS

vy (0) =0} (0) = &y (Wi =1,
vl (0) =0{ (0) = e, (X)i' =m-i =0,
0} (0) =0(0) = o, (X)i* = 0°-i* =07,
[ToxcraBuB ux B (12.5) momyunm
v, (t) =1-[c 12— a(®)]t*. (12.7)
[lepeiinem oT Y K TUHEHHO CBSI3aHHOM C HEW «HOPMHUPOBAHHOW» CIydalHOMN

BCIIMYHUHC Z = \/: . OTa BeJIUYMHA yn06Ha TEM, 4TO €C AUCIICPCHUA HC 3aBUCHUT OT
o~Nn

N U paBHa equHULE TIpH J1I0OOM N. Eciu Mbl JoKaxeMm, 4To ciaydailHas BeanyuHa Z
MMEET HOpMAaJIbHOE pacnpeeneHne, 3T0 OyAeT 03Ha4YaTh, YTO U ClydailHasi BEJIMYMHA
Y, TMHENHO cBsi3aHHasA ¢ Z, pacnpeieseHa HOpMabHO.

BmecTo TOro, 4T0OBI IOKa3bIBATh, YTO 3aKOH PACHpEETCHUsl CIy4ailHOU Be-
JUYMHBI Z TIpY YBETUYEHUU N TPUOIMIKAETCSl K HOPMaJIbHOMY, JJOKaXeM, 4TO €€ Xa-
pakTepucTUyecKas (PyHKIHs, OJHO3HAYHO OINpPEAEsIoNnas MIOTHOCTh, MPUOIKaeT-

t2
Csl K XapaKTePUCTHYECKOM (QYHKIIMH HOPMAJIBHOTO 3aKOHAa € 2 ¢ TeMH XKe, 4T0 y Z,
napametrpamu Mz = 0, o7 = 1.

Haiinem xapakrepuctuyeckyto (GyHKUMIO ciiydailHOW BenuuuHbl Z. 13 cBOMi-

ctBa (7.15) xapakTepucTU4eCKOi PyHKIIUN UMEEM:

v, (t) =0 L 12.8
Z Y ) (12.8)
[Moacrasus (12.5) u (12.7) B (12.8) monyuum
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2 2 "
o} t
v,(t)=<1-| ——a| —= | |—
2 (1) 5 oy | o (12.9)
[Tpomorapudmupyem 3T0 BEIpaKCHHE:
t2

Ino, (t)=nIn{l-| —-

o t

BBenem o0o3HaueHue 7—05 ovn ) [no? =&, rorga Inv, (t)=nIn(l-¢).

Byz[eM HCOIrpaHMYCHHO YBCIMYMBATH N, IIPH 3TOM BCIMYMHA & 6YI[CT CTPCMUTLCA K

nymo. Pasnoxum IN(l—¢€) B psax mo cremeHsM & W OrpaHMYMMCS OJHHM YJIEHOM

pazinokeHus: (OCTajdbHblE TMpPH N —>00  CTAaHYT MPEHEOPESKUMO  MAJIBIMHU):
In(l-¢) ~—¢.
Torna
t2 t t2 t2 t2 t?
I|mlnuz(t)—llmn (- 8)—|Im ——+a —= =——+lima =——.

odn o 2 now O'\f_ 2
tZ

Otkyna !]m v,(t)=€ ? a 3710 ecTh He YTO MHOE, KAK XapaKTepUCTHUYECKas

GYHKIUS CIydYaliHOM BEJIMYMHBI, PACIpeACICHHON M0 HOPMaJIbHOMY 3aKOHY C Iapa-
Merpamu m =0, g = 1,

Bonee o6mryto popMy HEeHTpaIbHOM NpeaeIbHON TEOPEMBbI MBI IPUBEIEM 0€3 ToKa-
3aTEIbCTBA.

Teopema JIanynoea. Eciin X1, X5, ..., X, — HE3aBUCHMBbIE CITyYaliHbIC BEJIMYWHBI,

MMEIOIME TIPUMEPHO oauHakoBeie mucriepeun D, = D s Vi, to npu meorpanu-

n

YEHHOM yBeJHUeHUH N (N—>00) 3aKOH PaCHpPECICHUS X CYMMBI Y = Z X, Heorpa-
i=1

HUYCHHO MPUOIMKAETCS K HOPMAJIBbHOMY 3aKOHY € TTapaMeTpamu

(12.10)

Tpebosanue D, = D, Vi o3nauaer, 4To HU OIHO M3 CIAraeMbIX HE HOCUT JOMH-

HUPYIOILIETO Xapakrepa (BiusHUe BceX Xj Ha cymmy Y NpUOIN3UTEIBHO OJUHAKOBO).

TakuMm oOpa3oMm, HOpMaJIbHOE PACIpPEAEICHUE BO3HMKAET TOIJa, KOrja CyM-
MHUPYETCSI MHOTO HE3aBUCUMBIX (MJIM €1a00 3aBUCUMBIX) CIIyYalHBIX BEJIMYUH, CPaB-
HUMBIX IO MOPSAKY CBOETO BIIMSHMS Ha paccerMBaHue CyMMbl. Ha mpakTuke Takas
oOcTaHOBKa BcTpeudaercs: Hepenko. [lycTh paccMarpuBaeTcsi OTKIIOHEHHE Y Kakoro-
TO MapaMeTpa, HAIpUMEpP, PagUOdJIEKTPOHHOTO YCTPOMCTBA OT HOMHHAJIA. DTO OT-
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KJIOHCHHC (HpI/I HU3BCCTHBIX I[OHYHIGHI/IﬂX) MOKET OBITh IPEACTAaBJICHO KaK CymMMa N
9JICMCHTApPHBIX OTKHOHCHHﬁ, CBA3AHHBIX C OTACIIbHBIMU IIPUYXMHAMMU:

Y:ixi,
i-1

rzie, Halpumep:
X1 — OTKJIOHEHHE, BBI3BAHHOE BIMSTHUEM TEMIIEPaTypHhI;
X, — OTKJIOHEHHUE, BBI3BAHHOE BJIMSTHUEM BJIAXKHOCTH BO3/yXa;

X, — OTKJIOHEHHE, BBI3HAHHOE HEAOCTATOYHOM YACTOTOW MaTepraia U3ICIIHsL.
Yucmo N 3TUX 3JIEMEHTAPHBIX OTKJIOHEHUM BECbMA BEIIMKO, KaK M YHCIO N

IPUYUH, BBI3BIBAIOIINX CyMMapHOe OTKIOHEHHE Y. OObIuHO cnaraembie Xi, Xo, ..., Xy
CPaBHUMBI 10 NOPSAJKY CBOETO BIUSHHSA HAa PacCEMBaHUE CyMMBI. Jl€MCTBUTENBHO,
eciii Obl Kakas-TO U3 CIy4dalHbIX BENWYMH X, Xo,..., X, OKa3plBajla CYIIECTBEHHO
OoJblliee BIMSHUE HAa PAacCEMBAHUE CYMMBI, Y€M BCE OCTaJbHbIE, ObUIO OBI ecTe-
CTBEHHO MPUHATH CIELUAIbHBIE MEPHI JJI1 TOTO, YTOOBI YCTPAHUTh TJIABHYIO MTPUYH-
HY pacCEMBaHMs; IOCKOJIbKY TaKHME MEPBI HE MPEAIPUHUMAIOTCA, MOKHO IPEANOIIO-
KUTh, YTO OCTABIIHECS CIyYallHbIE ClaraéMbleé CPaBHUMBI 110 MOPSAJIKY CBOEro (pas-
HOMEPHO MaJIoro) BJIMSHUS Ha pACCEUBAHUE CYMMBI.

HopManbHblil 3aKOH IIUPOKO pacIpOCTPaHEH B TEXHUKE. B O0bIIMHCTBE CiTy-
4yaeB OMMOKM M3MEPEHHs MapaMeTpoB, OUIMOKH BBIIOJHEHUS KOMAHJ M OUIMOKH
BBOJIa Pa3JINYHBIX BEIIMYUH B TEXHUUECKOE YCTPOMCTBO PACIPENEIICHBI 110 HOPMalb-
HOMY (MU OJIM3KOMY K HOPMaJIbHOMY) 3aKOHY. Takas omnOka OOBIYHO MOXKET OBbITh
IPE/ICTABICHA B BUJE CYMMbl MHOTHX «3JEMEHTapHBIX OMUOOK» X;, KaxKaas U3 Ko-
TOPBIX CBSI3aHA C OTIEJIbHOM, MPAKTUYECKH HE3aBUCHMOW OT APYIMX IMPUYUHOMU.
MMeHHO B NpUMEHEHUU K Teopuu OIMOOK ObLI BIEepBble 000ocHOBaH Jlammacom u
['ayccoM HOpMaJIbHBIN 3aKOH.

Ha npakTuke npu CyMMUPOBAaHUM BEJIMYMH C OJAMHAKOBBIM 3aKOHOM paclipe-
JEJICHUs 3aKOH pacCIpeleleHuss CyMMBI MOJKHO CYMTaTh HOPMAJIBHBIM, €CJIHU
n>10...20.

Ilpumep. Ilyctp X — ciiydailHas BEJIMYHMHA, PABHOMEPHO paCIIpEleeHHas Ha
untepsaie [0, 1], u popmupyercs, Hanpumep, reHEPATOPOM TICEBAOCIYHANHBIX Be-
an4yuH. Ha 0oCHOBaHMM LIEHTPAIbHOM NPENETbHONW TEOPEMBI BEIMYMHA

12
Y=0c(Q x, —6)+m (12.11)
i=1

OyZeT UMETh MPAKTUYECKN HOPMAJIbHBIN 3aKOH pacipeiesieHus: ¢ mapameTpaMu M, o.
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Jlexkuus 13

13.1. MaTtemaTnuyeckasi craTucTuka. OCHOBHbIE MOHSITHSA

Mamemamuueckoit cmamucmukoll Ha3bIBACTCS HayKa, 3aHUMAIOIIASCS Me-
TOJAaMH 0OpaOOTKHU OTMBITHBIX JAHHBIX, MOJYYEHHBIX B PE3yJIbTaTe HAOMIOACHUN HAl
Cly4allHbIMM siBJIeHUAMH. JIr000i Takol pe3ynbTaT MOKHO MPEICTABUTh KaK COBO-
KYITHOCTb 3HaYEHUM, IPUHSTHIX B PE3YyJIbTATE N ONBITOB CIyYaHON OJJTHOMEPHOMN WU
MHOTOMEPHOMN BEJTUYUHOM.

I'enepanvhoii co60Kynnocmulo ONbITa HA3bIBAETCS MHOXKECTBO OOBEKTOB, U3
KOTOPBIX MPOU3BOAUTCS BbIOOpKA. Kakmepiii W3 OOBEKTOB 3adacT (PUKCUPOBAHHOE
3HaueHue ciydaiiHoi BenuuuHbl X. KonndectBo N BXOASIIMX B reHEPaIbHYIO COBO-
KYITHOCTh OOBEKTOB HA3bIBAIOT 00beMOM 2eHepanvHou cogokynhocmu. OHA MOXKET
COCTOSITh U3 OECUHMCIEHHOTO MHOXKECTBA OOBEKTOB.

Boioopka — Mmu0xKeCTBO {X,X),..., X,} CIy4aiHO O0TOOpAaHHBIX OOBEKTOB (3HAYE-

HUI) U3 TeHEepaIbHOU COBOKYNHOCTH. JObemom BHIOOPKU N HA3BIBAETCS YHUCIO BXO-
ISIIIIUX B HEE 0OBEKTOB.

K BeIOOpKE MpeabsBiseTca TpeOOBaHHUE: OHA JOJDKHA aIeKBATHO MPEICTaBIIS-
ja TeHepaldbHYI0 COBOKYIHOCTb, T. €. ObUIb penpe3eHmamusHol (npeocmasumeb-
Hoti). B cuny 3akoHa OOJIBIIUX YUCEN MOXHO YTBEpKJaTh, YTO BHIOOpKa OYyIeT pe-
npe3eHmamueHoll, €Cli €€ OCYIIECTBIISITh CIy4YalHO U KaKIbIM U3 0OBEKTOB I'eHe-
paJIbHOM COBOKYITHOCTH UMEET OJIMHAKOBYIO BEPOSATHOCTb IONACTh B BEIOOPKY.

O4eBUIHO, YTO MOXKHO OCYIIECTBUTh B OJIMHAKOBBIX YCIOBHAX K BBIOOPOK
00bEMOM N U MOJIIYYUTh PA3JIMYHbIE COBOKYITHOCTH 3HAUEHUI CIy4ailHOW BEJTUYHHBI

X O xOH 2, x P Y, x0Y Tyers mas resepanbHOi  COBOKYMHOCTH
OTbITA CiIy4aliHas BenuyrHa X umeet QyHKIuIo pacnpeneneHus F(X), Toraa kaxmyro
13 BIGOPOK {X,.... X1 {X?,.... xP}, . x9,.., x} MoskHO paccMaTpuBaTh Kak peanu-
3alMI0 N-MEPHOM CiydalHOW BenuuHHbI (X3,...,X;), TZe cocTaBismomas X, Tie
iI=1...n, ecTh 3HaYCHHUEC BEJIMUMHBI X B i-M ombiTe. OYEBUIHO, YTO BCE COCTABIISIOIINE
Xi OyyT UMeTh OJIMHAKOBBIN 3aK0OH pacnpezeneHust F(X). Tak kak OmbITH HE3aBUCH-
MBI, TO ¥ KOMIIOHCHTHI Xj HE3aBUCUMBI M (YHKIHS pacrupeeicHuss N—MEpHOU CITy-

YaiiHO# BeauunHbI (X1,..., X)) onpenensiercs hopmyioin
F(X1,....%n)= F(X1) F(X2)...F(Xy).
Bapuayuonnvim padom HazpiBaeTcs BBIOOpKA {X;,X,,...,X,}, IIOJIyd4eHHas B

pe3yabTaTe paclooKEeHUs 3HAYCHUH MCXOJHOM BBIOOPKH B IOPSAIKE BO3PACTAHUSL.
3Ha4yeHHs X; Ha3bIBAIOTCS BAPUAHTAMHM.

OnHol U3 TNIaBHBIX 3a7a4 MAaTEMAaTHUYECKON CTAaTUCTUKU SIBISIETCSA OIpesese-
HHE 3aKOHA PaCIpEIeIICHUs CIyYaluHON BEJTUYHUHBI X.
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13.2. Ouenka 3aKoHa pacnpeneieHus

13.2.1. Omnupuueckan gpynkyus pacnpeoenenusn

Imnupuueckasa pynkyusa pacnpeoesienusa CydyallHOW BEIMYUHBI X paBHA 4acTo-
T€ TOr0, YTO X MPUMET 3HAYCHUE MEHBIIIEE, YeM apryMEHT QYHKIUU X, ¥ OTpeIes-

eTcst hopMyJIoi

Fi()=p"(X<x)=

\1, X > X,

Ai+1 (13-1)

[lpu n— oo sMmmupuueckas GyHkuUs pacnpenencaus F (X) cxomauTcs mo BeposiT-

HOCTH K TeopeTHueckor GpyHkiuu pacrpenenenus F(X).

OcHoBHBIe cBojicTBa dyHKIMH F (X)

1. 0<F (x)<1.

2. F*(X) — HEeyOBIBaIOIIas CTyrneH4YaTas QyHKITHs.
3. F'(xX)=0=0, wis x< X, -
4. F*(x)=1, mma X > X,,.
OMnupuryeckass GyHKUHS pACTIPEIECIICHUS SBIIAECTCS HAWIYyYIIed OLIEHKOW 3aKOHa
pacmnpeneneHus (HeCMEIIeHHOM, cocToaTenbHol, ddpexTuBHOI). Henoctatok GpyHK-

un F*(X) 3akmoyaeTcsl B €¢ HEBBICOKON HAIISIHOCTH: BU3YaJIbHO CJIOXKHO OIpPEJIe-
JIUTH 3aKOH pacrpeieieHus CIydaitHOM BETMYUHBI X.

13.2.2. Cmamucmuueckuii psao pacnpeoeyieHusn

Cmamucmuueckuii pao pacnpedeneHus BEPOSITHOCTEN ONMpEAEseTcs Mo HC-
XOJIHOU BBIOOpPKE 00BEMOM N, €Clii aHAIU3UpyeMasi ciiydaiiHas BeruurHa X sBIsieTCs

JVCKPETHOM C U3BECTHBIM MHOKECTBOM 3HAYCHUU {Xl, Xoyeeny Xm} :
Xj X1 X2 Xm
o ky ke ko
k.

3nece P; —uacrora mosBieHus j-ro 3HaueHus, Pj =

K; — umcno 3HaueHUH X; B BEIOOpKE.
CBOICTBA CTATUCTUYECKOTO PAJl PACIIPEAETIECHUS BEPOATHOCTEM:

1. ij =n
i=1
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2. > p; =1,
i=1

13.2.3. Humepeanvuwlii cmamucmuyeckuii psao

Humepeanvnulit cmamucmuueckuili psAao BEPOSITHOCTEW CTPOUTCS MO UCXO-
HO BBIOOpKE, €ClIM aHAJIU3UpyeMas ciiydaiiHas BeJuurHa X SBIISIeTCS] HEMPEPhIBHOM

j A B h; v p; f/
1 A1 B 1 h]_ Vl p; fl*
M AM BM h M Wi p;,l f,\;

31ech | — HOMep UHTEpBaJa,
M — 4KCcI0 HemepeceKarIUXCs U MPUMBIKAIOIIUX APYT K APYTy HHTEPBAJIOB, Ha

KOTOpBIE pa30MBAETCs JUANa30H 3HAYCHUN [)?1, )?n]:

int(ﬁ), n <100,

int((2+4)- Ig(n)), n > 100,

~
~

(13.2)

rje int(X) — menas yacTh yrcia X (KeJIaTeIbHO, 9TOOBI N 0e3 OCTaTKa JISTIAIIOCh
Ha M);
Aj, Bj — neBast u nipaBast rpaHuie! -ro uHTepBana (B; = A;; — HHTCpBaIB IPUMBI-

KaroT ApYT K JIpyry), npuuem A =X, By =X;;
h; — nnuHa j-ro nHTEpBana, hj = Bj - Aj X
M

Vj — KOJIMYECTBO YUCET B BBIOOPKE, MMONAJAONINX B |- HHTEPBAII, ZV ji=n
=

* . * Vi m *
P j — gacrora momaxanust B |-if nHTEpBaN, Pj = -1 Z p;=1;
n -
j=1

*
« . - p . V.
f j — CTaTUCTHUYECKAs IJIOTHOCTHb BEPOSATHOCTHU B |-M UHTEPBAJIE, f i = = —J.
h j nh J-
[Ipy mOCTPOCHWHM MHTEPBAIBHOIO CTATUCTUYECKOIO Pslila BEPOATHOCTEH HC-
MOJIB3YIOT CIICIYIOIINE METOIbl Pa30UECHUS AUana30oHa 3HaYeHU Ha UHTEPBAJIbI:

1) pasnounmepeanvuutil, T. €. BCe HHTEPBAIBI OTMHAKOBOW JITTHHHBI

h,-:h:an‘f‘l, vj: (13.3)

Aj=Apg+h=x+(j-1)-h j=2,M; (13.4)
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2) pasHo8epoOAMHOCMHBbLIL, T. €. TPAHUIBI HHTEPBAJIOB BBIOMPAIOT TaK, YTOOBI B
KaXX/I0OM WHTEpBaje ObI0O OJUHAKOBOE YHCIO BHIOOPOYHBIX 3HAYEHUH (HEO0OXOAUMO,
9yTOOBI N O3 ocTaTKa IeIIoch Ha M):

n * 1 .
VJ:V:V,DJZVVJ; (13.5)
A, = XUy +2*<i—1>v+1, i—2M. (13.6)

13.2.4. F'ucmozpamma
T'ucmozpamma — cratucTUYECKUil aHAIOT TpadrKa MIIOTHOCTH BEPOSTHOCTH

f (X) ciyuaitHOW BENWYHHBI, OHA CTPOMTCS 110 MHTEPBAJBHOMY CTaTHCTHYECKOMY

psany. ['ucmoepamma TnipeAcTaBiIsieT cCOOOM COBOKYMHOCTh MPSAMOYTOJIBLHUKOB, IO-
CTPOCHHBIX, KaK Ha OCHOBAHMSIX, HAa HHTepBalax Nj HHTEPBAIBLHOTO CTATUCTUIECKOTO

psiia ¢ BBICOTOM, PABHOM CTATHCTUYECKOH ILIOTHOCTH BEPOSTHOCTH | j B COOTBET-

CTBYIOILIEM UHTEPBAJIE.

JIJ1s1 paBHOMHTEPBAJIIBHOIO METOZA BCE NMPSMOYIOJIBHUKHA TMCTOIPAMMBI UMeE-
I0T OZJMHAKOBYIO LIMPHHY, & U1 PABHOBEPOATHOCTHOIO METOAA — OAUMHAKOBYIO ILIO-
mans. CyMma mionaied Bcex MpsMOYTrOJIbBHUKOB TMCTOrpaMmsbl paBHa 1. JlocTonn-
CTBA THCTOrPAMMBI: ITPOCTOTA IMIOCTPOEHNS, BBICOKAS HATJISIAHOCTD.

fk(jr) N

Al Bi Az B3 A B Av Bu

OmnpenennuTh 3aKOH PaclpeaeICHUs CAyIailHON BETHYMHBI X 10 BHIY THCTOIPAMMBI
npoie, 4eM 1o rpaduky smMnupudeckoit GyHkuuu pacrupenenenus F*(X).
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Jlexkuusa 14

14.1. ToyeuHble OLIEHKH YUCTOBBIX XaPAKTEPUCTUK

*
Cmamucmuueckoii OUECHKOU Q I[mapamMeTpa Q pacipCaciiCHuA Ha3bIBACTCA

HpI/I6JII/I}KCHHOC 3HAYCHUC ITapaMcCTpa, BEIYHUCIICHHOC II0 PE3yJIbTaTaM JKCIICPUMCHTA
(HO BI)I60pK€). CraTtuctuueckue OOCHKH ACIIATCA Ha TOUCUHBIC 1 HHTCPBAJILHBIC.
Toueunoii na3piBaeTCs OIICHKaA, ompcacirsicMast OJJHUM 9HUCIIOM. Toueunas OLICH-

ka Q napameTtpa Q ciydaitHo# BeauuuHbI X B 0011IeM Cllydae paBHA
Q*:¢(X11X21""Xn)1 (141)
/1€ Xj — 3HaYEHUS BEIOOPKH.

OueBH/IHO, YTO OLeHKa Q  — 3TO Cly4yaiiHasi BEJIMYMHA, TaK KaK OHA SIBJISICTCS
(GYHKITUCH OT N-MEepHOM ClTydaiHOM BeMYUHBI (X,...,Xp), Tae X; — 3HAaUCHHE BEIINYH-
HbI X B i-M OIbITe, 1 3Ha49eHHs Q OyIyT U3MEHATHCS OT BHIOOPKH K BEIGOPKE CITy-
yaitHeiM 00pa3oM. K orieHkam npeabsBisercs psj TpeOoBaHUM.

1. Ouenka Q  HA3BIBACTCS COCMOAMENbHOI, SCIIU TIPH YBEIMYCHHH 00beMa
BBIOOPKH N OHA CXOJIUTCS 1O BEPOSITHOCTU K 3HAUCHUIO TTapameTpa Q:

Q—L 0= r!m(P(‘Q* —Q‘ <g))=1,ve>0. (14.2)
CoCTOSITENBHOCTD — 3TO MUHUMAJIbLHOE TPEOOBAHUE K OI[EHKAM.

2. CocrositenbHast oneHKa Q  Ha3bIBACTCS HECMEU{eHHOIl, SCIIA ¢ MaTeMaTH-

YEeCKOe OKHJIaHNWEe TOYHO paBHO mapameTpy Q st moboro o6beMa BHIOOPKH:
M[Q]=Q,vn. (14.3)
3. CocrosTenpHass HECMEIIICHHAS OIICHKA Q* SIBIISICTCS I¢hhekmuenoii, ecnv

ee Aucrepcusi MUHUMAaJbHA MO OTHONIEHUIO K JUCIEPCHH JIFOOOW NIPYroil OlIEHKH
ATOr0 mapameTpa:

D[Q*] — min. (14.4)

14.1.1. Ouenka mamemamuueckozo 0IHcUOAHUA

Ha ocHoBanuu Teopembl UeObllieBa B KAYECTBE COCTOSITEIILHON OIICHKU MaTe-
MaTHUYECKOTO OKHUJIAHUS MOKET OBITh UCIIOIB30BAHO CpEHEE apu(pMeTHuecKoe 3Ha-
YeHUH BBIOOPKU X , HA3bIBAEMOE BEIOOPOYHBIM CPETHHUM:

. 1
my :7:HZXi. (14.5)
i=1

OnpenenuM YUCIIOBBIC XapaKTCPUCTHKHU OLICHKU X .
= 1< 1 13
M[X]= M[_in] :_ZM[Xi] :_me =My,
) ) )

T. €. OICHKa HCCMCIICHHA.
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DIXI=DI Y X1= > DIX]=— > D =Dy (146

Ouenka (14.5) sBnsgercs 3ppeKTUBHOM, T. €. € AUCIEPCUsi MUHUMAJIbHA, €CITU
BeJIMUMHA X pacrpe/iesieHa 0 HOpMaJbHOMY 3aKOHY.

14.1.2. Ouenka nauanbnozo momenma

CocrosiTenbHAs OUCHKA HAUANbHO20 MOMeHma K-2o Topsika Ha OCHOBaHUU
TeopeMbl YeOrllieBa onpeaensercs no Gopmyie

a; (X) = % : Zl:(xi ). (14.7)

14.1.3. Ouyenka oucnepcuu

B kauyecTBe COCTOSITENIBHONW OLEHKH AMCIEPCUA MOKET OBITh MCIOJB30BaHO
cpenHee apu(pMETUYECKOE KBaIpaTOB OTKJIOHEHUH 3HaYEHUH BBIOOPKU OT BBIOOpPOY-
HOT'O CPEIHErO0:

:%.i(xi _xY =%Zx —(X)°. (14.8)

2
OHpGI[CJII/IM MAaTCMAaTHYCCKOC OKHMIaHUC OLICHKH S°. Tak kak JUCIICPCHA HC 3a-
BHUCHUT OT TOIrO, I'IC BI)I6paTB Ha4daJI0O KOOPAHHAT, BBI6epeM €ro B TOYKE My, T.C. Iie-
pCﬁIIGM K OCHTPUPOBAHHBIM BCIIMYHMHAM:

M[S?] = M[%Zl:xz_[%zlxj 1=

n 1

1ix°f Zx X ]=

i<j

S2MIX X, 1= 122D, -5 > K, = 2,

i<j i<j

KOBapI/IauHﬂ K; =0, TaK KakK OIBITHI, @ CJI€AOBATECIbHO, U X| (3HaquHe BEJIN-

H 2
9iHBl X B I-M ONBITE) HE3aBUCUMBI. TakuM 00pa3oM, BeMWYMHA S° SABISETCS CMe-
LICHHOM OLICHKOM IUCIIEPCHH, a4 HECMEIICHHAs COCTOSATENIbHAS OLEHKA IUCIIEPCHUU
paBHa:

n 1 < 1 < n
Sl =— 2:— — ) X -———x%
o ho1° o Z 157 (14.9)
Jlucriepcust BETMYUHBI SO paBHa:
H n—3 2
D[S;]=%— D
[So ] w1 (14.10)

JI1st HOpMaIbHOTO 3aKOHA pacmpenesieHus BenuyuHbl X ¢popmyna (14.10) npu-
MET BUJ
2 D2

D[S§]=m :

(14.11)

70



JUIsl pAaBHOMEPHOT'O 3aKOHA pacipeiesieHus —

D[S?] ~ 0,8n+1,2 D>2< |
n(n—1)
CocrosTenbHas HECMCIHICHHAasA OLICHKa cpednexeadpamuuecxozo OMKJi0~-
HeHUu:A ONpCcACIIACTCA 110 CI)OpMyJ'Ie:
So = «;sg. (14.13)

(14.12)

14.1.4. Ouenka yenmpanono20 momenma

CocrosTenpHas OLICHKA UeHmpajilbHO20 MOMenRma k-20 IopsAaAKa paBHa:
n

« 1 Ak

=<2 (% =X)". (14.14)
i=1

14.1.5. Ouenka eéepoamunocmu

Ha ocHoBanum teopemsl bepHyuM HecMmelleHHas cocToATeNnbHas U 3P dek-
TUBHAsl OLIEHKA BEPOSITHOCTHU CIy4allHOTO COOBITHS A B CX€ME HE3aBUCUMBIX OIIBITOB
paBHa 4acTOTE 3TOTO COOBITHS:

* m
p (A)= Y (14.15)
rae M — 4uciio OmbITOB, B KOTOPBIX ITPOU30LIIO CO6BITI/I€ A;

N — YKUCJI0 MTPOBEACHHBIX OIBITOB.
YucnoBble XapaKTEPUCTUKU OLIEHKH BeposTtHocTH P (A) = P paBHEIL:

M[p']= p(A) = p, D[p'1=2E=E) (14.16)

14.2. Ouenka napamMeTpoB pacrnpe/eieHus

JI71s1 BbIUMCIIEHUSI OLEHOK MapaMeTPOB PACTIPEIEIICHHS Yallle BCEro MPUMEHSs-
I0TCSI METOJ[bl MOMEHTOB U MaKCUMAaJIbHOTO MPaBIONO100MS.
Memoo momenmos. Ilyctb imeeTcst BBIOOPKa {X,,..., X | HE3aBUCUMBIX 3HAYE-

HHUI CIydaifHOW BETMYMHBI C N3BECTHBIM 3aKOHOM pacmpenenenus f(x,Q,...,Q,) u

M HEU3BCCTHBIMHM IapaMETpaMH Ql""’Qm° HGO6XOI[I/IMO BBIYHMCIINTE OLCHKH

*

Q. .....Q, mapamerpos Q,,...,Q,,. ITociaen0BaTenbHOCTE BBIYUCIECHHUH CIEAYIONIAs:

1. HOJIy‘—II/ITB AHAJIMTUYCCKHUEC BBIPAXKCHHUA M HAYaJIbHBIX W/ HCHTPAJbHBIX
TCOPECTHYCCKHUX MOMECHTOB:

2, (%, Q- Q) =M | X¥],

1, (%,Q,.,.Q.)=M [(X _mx)kj|. (14.17)
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2. Ompenennts M COOTBETCTBYIOLINX OLCHOK HAYANbHBIX @ (X) W/HIM LeH-
TpalbHBIX L, (X) MOMeHTOB 1o Gopmynam (14.7, 14.14).

3. CocTaBuTh U PEUINTh OTHOCHUTEIHHO HEM3BECTHBIX MapamerpoB Q,...,Q,

CHUCTEMY U3 M ypaBHEHUI:

o (%, Q1 Q) = & (%),

Hy (Xana---’Qm) :,uk(X)
B KOTOPBIX TCOPCTUICCKNUEC MOMCHTBI IIPUPABHUBAIOTCA K TOYCUHBIM OLICHKAM COOT-

BETCTBYIOIIMX MOMeHTOB. Kakmoe ypaBHeHme umeer BHI ¢, (X)=¢,(X) wumm

4 (X) = 14, (X). Haiinennble KOPHU SBJIAIOTCS OLEHKAMH Q,...Q, Hem3BECTHBIX

napameTpoB.
Ilpumeuanue. YacTb ypaBHEHUN MOXKET COJEpXk aTh HayalbHbIE MOMEHTHI, a
OCTaBIIASICSl YaCTh — IIEHTPAJIbHBIE.
Memoo makcumanvhozo npagdonooodousn. CoriacHO TaHHOMY METOJY OIICH-

ku Q,...,Q, momyuarorcs u3 ycimosus MakcuMmyMa o napamerpam Q,...,Q,, moso-

KUTEIbHON (DYHKITUM MPaBIOIIO 001 L(X1, G © Qm) .

Ecnu cnyqaﬁHa;I BeMunHa X HCIIPEPBIBHA, a 3HAYCHHUA Xj HC3aBHUCHMBI, TO

L(X,.- X, Qpres Q) =ﬁ f(x,Q,...Q,)

Ecnu cnyuaiinas BenuunHa X JUCKPETHA U MPUHUMAET HE3aBUCUMBIE 3HAUEHUS Xj C

BeposTHocTIMH  P(X =Xi) = P(X;,Qy,...,Qm), TO dyHKIMS mpaBaonogoOus paBHa

L0 Qe Q) = [ T X Q- Q1)

Cucrema ypaBHeHI/Iﬁ COIJIaCHO 3TOMY MCTOAY MOJKCT 3allMCBIBATLCA B JIBYX

BUaax:
OL(X,- X0 Qs Q) 4 -
Q =0, ]=12,...m (14.18)
nim
oln(L(x,..X,, Q... Q) _0,j=12,..m (14.19)

0Q;
HalinenHnble KOpHM BBIOPAHHOW CHCTEMbI YpPaBHEHHUMN SIBIISIOTCS OLIEHKaAMU

Q.,...,Q, HemsBecTHBIX mapamerpos Q,,...,Q,.
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14.3. UnTepBaibHbIe OLIEHKH YMCI0BBIX XapAKTePHCTUK

[Tycts s mapametpa Q moiydeHa u3 onbITa HecMeleHHast orenka Q . Orre-
HUM BO3MOXHYIO OIIMOKY, BOSHHKAIOIIYIO MU 3aMeHe mapamerpa Q ero oueHKou
Q . Bo3bMeM J0CTaTOYHO OOJBIIYIO BEPOSTHOCTh y, TAKYIO, YTO COOBITHE C BEPOSIT-

HOCTBIO Y MOKHO CUMTATh MPAKTHYECKH JIOCTOBEPHBIM, M HAlJIeM TaKOe 3HAYCHUE &,
IS KOTOPOTO

P(Q —Q|<a)=7. (14.20)
Torna nmuana3oH MPaKTUYECKHA BO3MOXKHBIX 3HAYCHUU ONTUOKH, BO3HUKAIOIICH
npu 3amere Q Ha Q, Gyzmer +¢; GoIbLINE O AGCONIOTHON BEINUNHE OMIHOKH OyIyT
MOSIBJIATHCSL TOJIBKO C MaJIOW BEpOSATHOCThIO < =1— » . PaBenctBo (14.19) o3Haua-

€T, 4TO C BCPOATHOCTHIO ¥y HCU3BCCTHOC 3HAYCHUC ITapaMCTpa Q InomajaacTt B UHTCP-
BaJil

L(Q=Q —&Q +&). (14.21)
Jloeepumenvrbim Ha3bIBACTCS UHTEPBAI |Y(Q) , B KOTOPBIN C 3aJJaHHOU BEPO-

SATHOCTBIO (HaoexcHocmpio) y OMagaioT 3HaueHus napamerpa Q. BeposTHOCTH ¥ BbI-
oupaetcs 6ym3koit k 1: 0,9; 0,95; 0,975; 0,99.
O4eBUIHO, UTO JJIsi MIOCTPOEHUS JOBEPUTEIBLHOTO MHTEpBaja JIOKEH OBITh

M3BECTCH 3aKOH pacIpeaesIeHus Benuunnbl Q . 3aTpyaHEHHE COCTOMT B TOM, YTO 3a-
KOH pacIpe/IeIeHns oneHkn Q  3aBHCHT OT 3aKOHA PACIIPEIeICHUs BEINYHHBI X H,
CJIEI0BATENIbHO, OT €r0 HEU3BECTHBIX MapaMeTpoB (B YACTHOCTH, U OT CaMOro mapa-
metpa Q ). Jlisa pemreHus 3Toi mpoOIeMBbI BOCTIONB3YEeMCsSl TEM, UYTO BEIMYWHA Q

npeacTaBiIsieT co0ol, Kak MpaBUIIO, CyMMY N HE3aBUCHUMBIX OJMHAKOBO pacrpee-
JICHHBIX CJIyYaWHBIX BEJIMYMH U, COTJIACHO LEHTPAIBHOM MPENEIIbHON TeOopeMe, Ipu
nocratouyno Oonpmom N (N>10..20), ee 3akoH pacHpeneieHUs MOXHO CYUTATh
ACUMIITOTHYECKH HOPMaJIbHBIM. B 3TOM ciyyae, mpuOJIMKEHHBI, OCHOBAHHBIM Ha

HOpPMaJIM3allii 3aKOHA TOYeuyHOM oreHkd Q , JTOBepUTENBbHBIM HMHTEpBAN OyIeT

ly(Q)=(Q*—zy -W;Q*Hy \/ﬁj

rae Z, — 3HaueHue aprymenra gynknuu Jlannaca, Z, = arg CI)(g) , T. €. O(Z }/) = %

HUMETHh BU.

Ecnu 3akoH pacnpeneseHus CIlydalHOW BEJIWYUHBI SBJISIETCS HOPMAJIbHBIM U
9TO U3BECTHO JO OIIBITA, TO I IOCTPOCHUS JOBEPUTEIILHBIX UHTEPBAJIOB JJIs MaTe-
MaTHYECKOI0 OXKHIaHUS U JUCIIEPCUH CYLIECTBYIOT TOUHbIE (POPMYJIBI, KOTOPBIE MO-
T'YT OBITh HCIIOIB30BaHbI IPU JHOOOM 00BEME BHIOOPKH.
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14.3.1. /losepumenvuslit unmepean 01 MamemamuiecKozo 0HCUOAHUA
Wnrepsan |, (My) st MaTeMaTHIECKOro OXHUAHUS CIIy4alHON BeaMIUHbI X

C HCU3BCCTHBIM 3dKOHOM pPACIPCACICHUS IIPH JOCTATOYHO OosbIIOM 00BEME BI)I60p-
KM UMECCT BHU [,

(14.22)

Sy _
0-X+7z
n

S
—|x_7 =20 =0
1, (Mmy)=|X Zy\/_ "o |
Ecnu ciyyaiinast BenmnunHa X pacnpeziesieHa o HOpMaJIbHOMY 3aKOHY € Tapa-
(7 —Mmy )\/H
S0

MeTpamMu My U Oy , TO BEIMYUHA | = pacnpenesneHa 1no 3akony Crbro-

neHTta ¢ (N - 1) cTeneHpo CBOOOBI.
Pacnpenenenne CrThromeHTa ¢ K CTEHEHSIMH CBOOOJBI HMMECT CICAYIOUIYIO
IJIOTHOCTH paclpeieIeHUs:

r[mj ) _k+1
2 t 2
fk (t) = 1

+— ’ 14.23
Jrk -r(kj K (14.23)

2

e I'(ax) = jta_le_tdt — ramma-QyHkims. Js
0

B sTOM cityyae TOYHBINM JOBEPUTEIBHBIN UHTEPBAI C HAAECKHOCTBIO ¥ JUJISl Ma-
TEMATUYECKOTO OKUAAHUSI HOPMAJIbHOW CIIy4aillHON BEJIMYMHBI UMEET BUI:
S S
L (my)=[X-t  —L: X+t ,  —&
X -1 ' n-1 ,
Y 4 n ¥ n

rae U, — 3HaueHue, B3ATOC U3 TAOIMIEI pacnpeeneHns CThIOACHTA.

(14.24)

(IRA
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14.3.2. /losepumenvuslit unmepean 01 oucnepcuu
Wnrepsan 1,(Dy) mns aucnepcuu ciiydaiiHONW BenuuuHbl X C HEU3BECTHBIM

3dKOHOM pacCrpeCacICHUA IIPU JOCTATOYHO 00IBIIOM 00BEME BI>I60pKI/I NMCCT BHU

2 , 2 2.q2 / 2 2

Ecnu cnyyaiinas BenvunHa X pacnpejiesieHa 0 HOpMajdbHOMY 3aKOHY C Mapa-

(n-1)S; 2
MeTpaMu My U Oy , TO BenmunHaV =-————— pachpezeleHa 1o 3akony y° ¢ (n-1)
Oy

CTCIICHBIO CBO6OI[I>I U TOYHBIN I[OBGpHTGJ]BHbeI HHTCpPBaJI C HAACKHOCTBIO y JJIA
AUCIICPCHUU UMCCT BUA

n-1S2 (n-1)S2
I]/(DX): ( - ) 0’( ) 0
Zl—yn_l A1+y

2

(14.26)

2 2 2
raoe Z]_—J g’ Z1+;/ na 3HAYCHHA, B3ATHIC U3 TaOIULIBI pacopeaciacHusa y .
27T 2

dopmyisr (14.24), (14.26) MOKHO HCITOJIB30BATh MIPH JTFOOOM 00BEME BBIOOP-
KM N, TaK KaK 3TH UHTEPBaJbI |, MOCTPOCHBI Ha OCHOBE 3HAHMS TOYHBIX 3aKOHOB Pac-

npeeNieHus BeanuuH, cBsizbiBatommx Q u Q. Kpome atoro, ecnu ciryyaiiHasi Benu-
upHa X pachpeseNieHa 0 HOPMANbHOMY 3aKOHY M €€ JIMCIIEPCHS O, M3BECTHA, TO
TOYHBIA MHTepBan |, I MaTeMaTHYECKOro OXKMAAHUS IIPU JIFOOOM 00beMe BHIOOD-
K1 N onpeaenstoT mo ¢popmyie (14.22), 3amenus B Heit orienky CKO S, ero TouHbIM

3HAYCHUEM Oy .

14.3.3. /loéepumenvnutii unmepean 0isa 6epoOAmMHOCHU

Wurepsan |, mast BepositHocTH cOOBITHS A B CXEME HE3aBHCHMBIX OIBITOB

14
bepHyu umeer BUa

p(l-p)
n

p—-z,- <p(A)<p +z,-

@ C (1425)

rae P - yacTora mosiBieHus coosrtust A B N omsitax, P =P (A) = F;

M — YHUCJIO OMBITOB, B KOTOPBIX MTPOU3OIILIIO COOBITHE A
N — YHACJIO MPOBEAEHHBIX ONBITOB;

Z, — 3Ha4eHue aprymenTa ¢Gynkuun Jlannaca, Z, = arg cD(g) ,T.e. Dz }/) = %
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Jlexkuus 15

15.1 IlpoBepka cTAaTUCTUYECKUX THIIOTE3

Cmamucmuueckoii 2unome30il Ha3bIBACTCSl BCAKOE HEMPOTUBOPEYMBOE MHO-
KECTBO yTBepaeHud {H,, H,,..., H } OTHOCHTENBHO CBOWCTB pacrpesie/icHus Ciry-

yaliHOM BemuuuHbl. Jloboe m3 yrepxkaenui H, i=1,... K HasbiBaeTcs anbTepHaTH-
BOU THNOTE3bI. [IpocTeiiniell TMIIOTE301 SBISETCs ABYXaibTepHatuBHas: {H,, H, }. B
3TOM Cily4yae albTepHATUBY H HAa3bIBAIOT HYJICBOW TMIIOTE30i, a H, — KOHKypHUpYO-

e} TUIOTE30M.
Kpumepuem Ha3bIBaeTCs CiaydaiiHas BeJIMUMHA

U=0(X,.... %),
T7ie Xj — 3HaUCHHS BHIOOPKH,
KOTOpaSI I103BOJIICT HpI/IHHTB NJIN OTKJIOHUTH HyJIeByIO FHHOTe3y H0

3HaueHUs] KPUTEPHs, IPH KOTOPBIX Tunore3a H  orsepraercs, o0pasyloT Kpu-

TUYECKYIO 00JacTh MPOBEPSIEMON THUIIOTE3bI, a 3HAYCHHS KPUTEPHs, MPH KOTOPBIX
TUIIOTE3y TMPUHUMAIOT, 001acTh MPUHATHS THUIIOTE3bI (00JIACTh JTOMYyCTHMBIX 3HAYe-
Huil). Kpumuueckue mouxku OTIACHSIOT KPUTHYECKYIO 00JACTh OT 00JIaCTH MPUHSIITHUS
THUTIOTE3BI.

Owubka nepeo2o pooa COCTOUT B TOM, YTO Oy/ET OTKIOHEHA rumoTe3a H, ec-

a1 oHa BepHa ("'mpomyck uenu'"). BeposTHOCTh COBEPIINTH OIMOKY MEPBOTO poja
0003HauaeTcs o U Ha3bIBaeTCs yposHem 3Hauumocmu. Hanbonee 4acTo Ha MpakTUKe
npuHuMarot, 9yto o = 0,05 i « = 0,01.

Owubra 6mopo2o poda 3aKio4aetcst B TOM, 4To runore3a Hj npunumaeres,

ecnu oHa HeBepHa (''JokHOe cpabathiBanue"). BeposaTHOCTh OmMOKHA 3TOrO poja
ob6o3Hauaercs f. BeposTHOCTh HE AOMYCTUTH OMMOKY BTOpOTo poja (1-/) Ha3bIBalOT
MowHOCmbI0 Kpumepus. JI7s HaX0KIESHUS MOUTHOCTH KPUTEPHUST HEOOXOAMMO 3HATh
MJIOTHOCTh BEPOSTHOCTH KPHUTEPHUS NPH aJbTepHATHBHOW rumnortese. [IpocTeie kpuTe-
pHUU C 33JJaHHBIM YPOBHEM 3HAYMMOCTH KOHTPOJUPYIOT JIMIIIb ONTHOKH MEPBOTO poja
Y HE YYUTHIBAIOT MOIITHOCTh KPUTEPHSI.

15.1.1. TIpoBepka runoTe3bl 0 pAaBEeHCTBE BEPOSITHOCTEN

[IycTh MpoOM3BENEHO ABE CEPUM OMNBITOB, COCTOSIINX COOTBETCTBEHHO W3 Ny U
N, ONBITOB. B KaKJIOM M3 HUX PErMCTPUPOBATIOCH MOSIBJIEHNUE OAHOTO M TOTO XKE CO-
obiTus 4. B mepBoii cepun coObiTHe A MOsIBIIIOCH B K; ombITax, Bo BTopoit — B K,
OTbITaxX, MPUYEM YacTOTa COOBITUSL A B NIEPBOM Cepuu MONy4HJIach OOJIbIle, YEM BO

BTOpOi: P1 = n = P2 = P Pa3HocTh MeXxay IBYMsl 4acTOoTa MOJy4YuiIach
1 2
paBHOMU

U=p —p;. (15.1)

76



CopammBaercs, 3Ha4MMO WM HE 3HAYMMO 3TO PacXokJeHue? YKa3bIBaeT JIH
OHO Ha TO, YTO B MEPBOI CEPUU OMBITOB COObITHE A EWCTBUTENILHO BEPOATHEE, YEM
BO BTOPOM, WJIM PACX0KACHUE MEXKYy YaCTOTAMH HAJ0 CUATATh CIIy4ailHbIM?

BriiBuHEM IBYXaIbTEpHATUBHYIO TUIIOTE3Y {HO, Hl}, rae:

H — paznnuusi B BEPOSTHOCTSX HE CYHIECTBYET, T.€. 00€ CEPUHU OTIBITOB IPOU3-
BEJICHBI B OJIMHAKOBBIX YCJIOBHSX, a pacxoxkaeHue U oObscHsIeTCs cliydyaliHbIMU TIPU-
YUHAMH,

H, — pasnnuue B BEPOSTHOCTAX CYIIECTBYET, T.€. 00€ CEPHH OIBITOB POU3BE-

ACHBI HC B OAVMHAKOBBIX YCJIOBUAIX.

B JaHHOM CJIy4acC HYJIb-THIIOTC3a Ho COCTOHUT B TOM, 4TO 00e CCpHUU OIIBITOB
OJHOPOJHBI U YTO BCPOATHOCTL p ITOABJICHUSA coOBITHSI A B HUX OJHa U Ta XKC, IIPpHU-
OJTMKEHHO paBHaA 49aCTOTC, KOTOpasA IIOJIYUYHUTCH, CCIIU o0e ccpun cMCliatb B OJ-

« ki +k,
Hy: P=p =—-—-.
n +n,
IIpu mocraTodHo GONBLIMX N M Ny KaXKIas U3 CIyYalHBIX BEIUYUH P, 1 P,
pacrpezencHa MpaKTHYECKH HOPMaJIbHO, C OJHMM U TEM K€ MATEMAaTHUCCKHM OXKH-

nanueM M= P~ P . Yro kacaercs nucnepcuit D; u D, B mepBoii u Bo BTOPOIt cepusix,
TO OHH PA3JIMYHBI U PaBHBI cOOTBETCTBEHHO (14.16)

D ~ pl (1_ pl) D ~ p2(1_ p2)
1~ v 2 .
nl n2
B KaueCTBE KpUTCpusa 6YI[€M HUCITIOJIB30BATh cnyqaﬁHy}o BCIIMYUHY
U =p, —P,, koTopas Takke UMeeT MPHUOJMKEHHO HOPMAJIbHOE pacripeseicHue ¢
MAaTEMATHUYCCKUM OKHUAAHUEM mU = O 141 I[I/ICHepCI/Ief/’I

D, =D, +D, ~ Py (1n_ P) n pz(ln_ P.) , oTKyma Oy :ﬁz Py (1n_ P) n pz(ln_ P.) .
1 2 1 2

OnpenenuM KpUTHYECKYIO TOUKy U, Ui 3a1aHHOTO YPOBHS 3HAYMMOCTH (@ U3 ypaB-
HEHUSL:

U
a=pU=2U,)=05-®(—*) 1.e U, =0, -arg®(0.5- ).
Oy
Ecnu 3nauenue, BerunciaenHoe o dpopmyne (15.1), 6ombiine, 4eM KpUTHIECKOE

3HadeHue, T. . U >U_, To runoresa Hy oTKIOHSETCSA, B IPOTUBHOM ClIy4ae HET OC-
HOBAHHUU €€ OTKJIOHUTb.

15.2. Kputepuu coryiacust

Kpumepusmu coenacus Ha3pIBalOTCSl KPUTEPUU, UCTIOJIb3yEMbIE JIJISl TIPOBEPKU
TUIOTE3 O MPEANoIaraeMoM 3aKOHE paclpeesICHUs.
['unoTe3a 0 3akoHE pacHpenesieHHs] BBIABUTAETCS U MPOBEPSACTCS CICAYIOINIUM

o0pazom.
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1. [locTpoutsh MO BapuallMOHHOMY Psy TpadUK SMIOUPUYECKON PYHKIIUH pac-
*
npeneneHust F (X) u rucTorpaMmbl 0 HHTEPBAJIBHBIM CTATUCTHYECKUM psifaM (paB-

HOWHTEPBaJIbHOMY U/WIIN PABHOBEPOSITHOCTHOMY).

2. ITo Buay rpadukoB BBIIBUHYTH IBYXaJIbTEPHATUBHYIO TUIIOTE3Y O MPEAIO-
naraeMoM (TUTIOTETUYECKOM) 3aKOHE paclpe/Ie/ICHHS:

H, — BenmnunHa X pacnpeneneHa mo maxkomy-mo 3aK0oHy:

F(x) = fo(X), F(X) = Fy(x);
H, — BemmumHa X He pacipeaeneHa o maxkomy-mo 3aKoHy:
F(x) # fo(x), F(x) # Fy(x),
rae fy(X), Fy(X) — motHOCTh M QyHKIMS pacHpeneeHus] TUIOTETHYECKOrO 3aKOHa
pacrpeeneHusl.
['paduk sMIHprYecKoil QYHKIUK pacipencneHus F (X) I0DKeH ObITh IIOXO0X
Ha Tpaduk QyHKIMH pactpeneneHust F,(X) runorermueckoro 3akoHa, a THCTOTPaM-
MBI — Ha Tpad¥K IUIOTHOCTH TUIOTeTHYeCcKoro pactpenenenus fy(X).
3. BerauciuTh TouCYHBIC OIICHKH MAaTEMaTHUECKOTO OKUIAHUS X U TUCTIEPCUN

Sg H, HUCIIOJIB3Yyd MCTOA MOMCHTOB HJIM MCTOA MAKCHUMAJIBHOI'O HpaBIIOHOI[O6I/IH,

OIIPCACIINTG OLCHKH HCU3BCCTHLIX IIAPAMCTPOB Ql ""’Qm THITIOTCTHYCCKOI'O 3aKOHa

pacrnpenenieHus, e S <2 — YUCJIO HEU3BECTHBIX MapaMEeTPOB TMIIOTETUYECKOTO 3a-
KOHA pachpe/eIeHHUS.

O11eHKH HEM3BECTHBIX TApaMEeTPOB a, b paenomeprozo pactupeaeneHns MOKHO
OTPECNIUTH 0 PopMyIaM

a =xX-3-S,, b =%X++3-5,
YN
a =%, b=x

rae X, X, — IepBoe U MocjeHee 3HaYeHHEe BAPHAI[IOHHOTO Psia COOTBETCTBEHHO.

O1neHKy HEM3BECTHOTO TapaMeTpa A IKCHOHEHUUAIbHO20 DPACTIPEACTICHUS
MO>KHO OTIPEJIETTUTh TI0 (hopmyIie
1
2
O11eHKM HEU3BECTHBIX MapaMETPOB M, G HOPMAIBbHO20 PACTIPEICICHUS MOXK-

A=

HO OTPEACNUTH 10 hopMyIam:
m = )_(, (@) :SO
4. TIpoBepuTh TUTIOTE3y O MPEAIOJIATAEMOM 3aKOHE paCIpeAeNICHUs MPHU TO-

MOIIM KPUTEPHS COTJIacusl.
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15.2.1. Kpumepuii Ilupcona

2
Kpumepuit coznacus Iupcona (X ) onvH u3 HanboJiee YacTO MPUMEHICMBIX

KpUTEpHUEB. AJITOPUTM MPOBEPKU FUIIOTE3bI O 3AKOHE PACIIPEACIICHUS CIETYIOIIHMA.
1. [To WHTEPBAILHOMY CTATUCTHUYCCKOMY psAay (PaBHOMHTEPBAILHOMY WA PaB-

2 :
HOBEPOSITHOCTHOMY) BBIYMCIIMTH 3HAYCHUE KPUTEPHS ¥ 110 hopMmyIie:

ZZn%(pj_p?)zzi(vj_npj)z (152)
* iz P R TR |

rae N — o0beM BBIOOPKH;
M — 4ncio UHTEPBAIOB UHTEPBAIILHOTO CTATUCTUUECKOTO PAIA;

* V)
p i~ gacToTa nonaJaHus B J-U HHTCPBAJI,

Vj — KOJIMYCCTBO YHCCJI B BI>I60pKe, Imomnagaromux B J-ﬁ HHTEpPBAJI,

Pj — TeopeTHYECKas BEPOATHOCTH TOMA[aHNU CJIy9aliHOW BEJIUYHHBI B |-H HH-
TEpBaJ IIPH YCIOBHUH, 4TO runoresa H, BepHa:

BJ
p;=p(A <X <B))= j fo(x)dx = Fy(B;) - Fy(A)), (15.3)
AJ
roe fy(X), Fy(X) — miotHOCT M QyHKIUS pacnpeeneHus] TUIIOTETHYECKOrO 3aKOHa

pacupeneneHusl.
IIpu pacyere P; U P,, B Ka4€CTBE KPAWHUX IPAHMIL TIEPBOTO M MOCICAHETO UH-

TCPBAJIOB Al, BM CICOYCT HUCIIOJIB30BATh TCOPCTHYCCKUC I'PAHUIBI THIIOTCTHYCCKOI'O
3aKOHa paCIpCaACIICHUA].

2 .
Benuuuna y° pacrpenerneHa mo 3aKOHy, KOTOPBIA Ha3bIBACTCS PACIIPEICIICHU-

2
em y°. JlaHHOe pacrpesielieHle He 3aBUCUT OT 3aKOHA pacIpeesieHUus] BETUYUHBI X,
a 3aBUCHUT OT MapameTpa K, KoTOpbIi Ha3bIBaCTCS YUCIIOM CTEIeHeH CBOOOIbI:

LS
- 1 " uz e 2,u>0,
10,u <0,

rae () = J.tafleftdt — raMMa-(QyHKIIHS.
0

2
Tak kak aHAJTUTHUECKOE BBIPAXKCHUC INIOTHOCTH PACHPCACICHUA J SBIIICTCA

i 2
AOBOJIBHO CJIOKHBIM, TO B IPAKTUKE HMCIIOJIb3YIOT T8_6J'II/II_Iy 3Ha4YCHU" 4y , ., pacciu-

2 2 o
TaHHBIX U3 YPABHEHHUS p(y” > Za,k) = Q , 11 pa3IMYHbIX 3HAYEHHI K.
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f 20

%;
X2
o, K

2 2
2. W3 Tabnuibl pacpenenenus ¥ BoIOMPAeTCs 3HAUYCHUE Y, , DA€ o — 3aJaH-

HBI ypoBeHb 3HAaUMMOCTH (@ = 0,05 mmu = 0,01), a K — gucio creneHe cBoOOIbI,
KOTOPOE OIpeeNsieTcs: To popmyIe
k=M-1-5,
rne M — gucno cnaraemsix B opmyne (15.2), T. e. 4rcI0 HHTEPBAIOB HHTEPBAIBHO-
T'O CTATUCTHYECKOTO PSIJIa;
S — YHCII0O HEM3BECTHBIX MapaMETPOB TMIIOTETHYECKOTO 3aKOHA pacIpe/IeICHNUS,
OLIEHKU KOTOPBIX OBLIN OIPE/IEIICHBI IO UCXOIHOM BEIOOPKE.

2
3. Ecnu 3Hauenue y°, Borunciennoe no gopmyne (15.2), Gosnblie, 4eM KpUTHUE-
2. 2
CKOE 3HAYECHHUE, T. €. ¥° > ¥, , TO runoresa H, OTKIOHAETCS, B IPOTHBHOM Clly4ae

HET OCHOBAHHM €€ OTKJIOHUTD.

15.2.2. Kpumepuit Konmozoposa

AJTOPUTM MPOBEPKHU TMIIOTE3BI O 3aKOHE pacHpeieNIeHUs] IPU OMOILIU KPUTEpUi
coryacust Koamoroposa cieayronui.

1. Ha ocHOBaHMHM SMIIMPUYECKON (DYHKIIUHU pacTIpeIeIICHHS F*(X) BBIYMCIIATH
3HadYeHue kputepus Koamoropona
A=+n-Z, (15.5)
rae N — o0beM BEIOOPKH,
Z — MakCUMaJIbHBIA MOYJb OTKJIOHCHHS dMIUPHUCCKOW (PYHKITUU pacrlpenie-

*
nenus F (X) ot runorermueckoil Gpynkuun pacnpenenenus F,(X), ompe-
JEJICHHBIH 1O 6cem N 3HAYeHUS Xj MCXOJHOW  BBIOOPKH,

Z= m%X\F*(Xi) — R (%)]-

3HaueHne Z ¢ JOCTATOYHOW TOYHOCTBIO MOKET OBITh OMpPEAENIeHO Mo rpadukam
~ * ~
dynaxmmit F (X) u Fy(X), KoTopble CTOST B OJJHOH cHCTEME KOOPANHAT.

Bennuuna A pacnpenenena no 3akoHy Koiamoropoa, KOTOpbI HE 3aBUCUT OT
3aKOHa pacrpe/iesieHUs BETUUUHBI X:

F()= > (-1)fe (15.6)

k=—c0
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Tak kak aHaIMTHYECKOE BhIpakenue GyHkuuu pacnpeneienus F(4) ssasercs

JIOBOJIBHO CIIOXKHBIM, TO B IIPAKTHKE HCIIONB3YIOT TaOMIy 3HaYeHHil 4, , paccunran-

ubix u3 ypasuenns P(O< A < iy) =7.
f, )

A
Y

2. VI3 Tabnuipl pacnpeaeneHuss KoaMoropoBa BeIOpaTh KPUTHUECKOE 3HAYCHUE
ﬂy, y=1—a, e a— 3aaaHHblid ypoBeHb 3HaunMocTh (= 0,05 wnmu a = 0,01).

3. Ecnu 3HaueHue A, BeIuMcIeHHOE Ha mmiare 1, Gosblie, yeM KpUTUYECKOe 3Ha-
4eHHe, T.e. A > A, To runoresa Hy OTKIOHSCTCS, B IPOTHBHOM CiIyqac HET OCHOBA-
HUW €€ OTKJIOHUT.

HocTonHcTBamu kputepus Koamoroposa 1o CpaBHEHHUIO C KPUTEPUEM ;(2 AB-
JISIFOTCSI BOBMOXKHOCTh €r0 IPUMEHEHUS PU OYEHb MaJIEHbKUX 00beMax BHIOOpKH (N
< 20), 6omnee BBICOKAST «UYBCTBUTEIBLHOCThY, a CIEAOBATEIbHO, MEHbINASI TPYI0EM-
KOCTh BbIUMCIICHUH. HemocTaTkoM sBisieTCS TO, YTO SMHOUpHUYEcKass QyHKIHS pac-
npenenenust F*(X) momkaa OBITH MOCTPOCHA IO HECTPYIITHPOBAHHBIM BEIOOPOYHBIM
JAHHBIM, YTO 3aTPYIHUTENBHO MpU O0dbImIKX 00beMax BeIOOpkU. Kpome atoro, cie-
JIyeT OTMETHUTh, 4TO kpuTepuii KosimoropoBa MOXHO NMPUMEHATH TOJBKO B ClIydae,
KOT'/Ia TUTIOTETUYECKOE pacIpeiesieHre MOJIHOCThIO M3BECTHO 3apaHee U3 KaKuX-JI10o
TEOPETUUYECKUX COOOPAKEHUM, T. €. KOTJa U3BECTCH HE TOJBKO BUA (DYHKIMH pac-
MpeIeJICHUs FO(X), HO W Bce BXomsmmue B Hee mapameTpsl Q,,...,Q,,. Takoii ciyuaii

CPaBHUTEJILHO PEAKO BCTpedaeTcs Ha mpakTuke. OOBIUHO M3 TEOPETHUUYECKUX CO00-
paXeHn U3BECTEH TONBKO 00mmii Bun Gpynkiuu F (X), a BXOAAMIME B HEE YUCIIOBBIE

napameTpbl ONPENESI0TCs M0 JaHHOMY CTaTHCTHUYECKOMY Martepuany. [Ipu npume-

HEHUU KPUTEPHUS ;(2 ATO OOCTOSITENHCTBO YUUTHIBAETCS COOTBETCTBYIOIIUM YMEHb-
IIIEHUEM YHCIa cTeneHel cBo0o bl pacnpeaencHust K. Kputepuit Kommoroposa tako-
ro COrjacoOBaHUs HE MpeaycMmaTpuBaeT. Eciu Bce ke MPUMEHSATh 3TOT KPUTEPUN B
TEX CIIy4asiX, KOT/Ia MapaMeTphbl TUIIOTETUYECKOTO PaCIpEICICHUS ONPEACISIOTCS 1O
CTATUCTUYECKUM JIaHHBIM, OH JIa€T 3aBEJOMO 3aHM)KCHHBIC 3HAYCHUS A; TTIOITOMY MBI
B PSAJE CIIy4aeB PUCKYEM IMPHUHATH TMIIOTETUYECKOE PACHPEACIICHUE KaK IPaBaoNo-
NOOHYIO THITOTE3Y, KOTOpasi B JEHCTBUTEIHLHOCTH IIJIOXO COTJIACYETCSI C OIMBITHBIMH
JTAHHBIMU.
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Jlexuus 16

16.1. CratucTnuyeckasi 00padoTKa ABYXMEPHBIX CIy4YaiiHbIX BeJUYUH

[TycTh mpoBOAUTCS N HE3AaBUCUMBIX OMBITOB, B KaXKIOM U3 KOTOPBIX JBYXMEP-
Has ciayyaiHas BenuuyuHa (X,Y) NpUHUMAET ONpe/eieHHbIC 3HAUCHUSI U PE3YJIbTaThl
OTBITOB MPEJCTABISIIOT COOOW ABYXMEPHYIO BBIOOPKY BHAA {(X1, V1), (X2, V2), ..r, (Xn,
vn)}. Cratuctrueckas oOpabOTKa ONMBITHBIX JAHHBIX BKIFOYAeT B ce0s 00pabOTKy H
aHaJIM3 COCTABISOMUX X U Y KaK OJJHOMEPHBIX BeNUYUH (cM. jekuuu 13-15), u BbI-
YHCJICHHE OLICHOK W aHalli3 MapamMeTpoB, MPUCYIIMX TOJIBKO JIBYXMEPHBIM (MHOTO-
MEpHBIM) CIy4alHbIM BeauurHaMm. Kak nmpaBuiio, onpeaensoTcs Cleayonue oleHKA
YHCJIOBBIX XapaKTePUCTUK CiIyvariHoi BearmuuHbl (X,Y):

— OLIEHKA MaTEeMaTHUYECKUX OXKHUJAAHUM:

;;x:%ixn (16.1)
=y = Z Y. (16.2)
— OLCHKH JCTIEPCHH:
S (x)_ni1 iZ;:(xi—X)Z :ni_lgxiz—ni_liz; (16.3)
S (y)—ni1 Z::(yi—y)Z:n%iZ_nllyf—nL_lVZ- (16.4)

16.1.1. Ouenka KOppeJsifHOHHOT0O MOMEHTA

CocrosiTenbHas HCCMCUICHHAS OUYEHKA KOPPEIAYUOHHO20 MOMEHMA PaBHA
. 1 < = =
Ky :m'Z(Xi =X)(¥;i —Y), (16.5)
-1

r1ie Xj, Yj — 3Ha4CHUs1, KOTOPBIC IPUHSUTH CITydaiiHble BeMYUHBI X, Y B I-M OIbITE;

X,y — cpenHue 3HaYCHUS CIyJaHBIX BETUYHH X U Y COOTBETCTBEHHO.

16.1.2. Ouenka kod(ppuiueHTa Koppeasiuuu

CocrosiTenbHas oyeHka Koaghuyuenma xoppensyuu paBHa

- K>
Ry =——2X* (16.6)
X S (0S0(y)

rae Sg(X),Sg(y) — omeHkM cpemHEKBagpaTHYECKOTO OTKIOHEHUS CIyYalHBIX

BeJudrH X U Y COOTBETCTBEHHO.
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16.1.3. /losepumenvnuslit unmepean 0asa koIpguuyuenma Koppenayuu

Jlosepumenvnotii unmepean 011 Kodgpguuyuenma Koppenayuu ¢ HAAECKHO-
CTBIO Y JUISl CiIy4as IByXMEPHOT0 HOPMAJIBHOTO paclpe/ieSICHHs] UMEET BUJ!

I (R ): eza—l_GZb—l
Y XY e2a +1’e2b +l )

. ; . ,
rie @=0,5-1n 1+RffY ——L—-b=0,5-In 1+R5Y AL AR
- Pixy n-3 XY n-—3

(16.7)

Z, —3HayeHue aprymenTa Gynkuuu Jlamnaca, Z, = arg CD(%) , 1. 6. D(Z9) = g

Ecnmu o6beM BeIOOpKH q0cTaTOYHO BesmwK (N > 20 ), TO 3aKOH pacmpeneieHus

*
OLEHKH KO3 (HLMEHTa KOppelsiuuu Ryy MOXHO CUUTATh aCUMITOTHYECKH HOp-
MaJbHBIM M JIOBEPUTEIbHBIA HHTEPBAJI MOCTPOUTH 11O (hOpMYJIE:
*\2 *\2
1_(RXY ) * 1_(RXY )

l,(Ryy) = RXY*_Zy'T;RXY +ZY‘T (16.8)

16.2. CtaTucTH4YeCKHe KPUTEPHUH IBYXMEPHBIX CIy4YaiiHbIX BeJIHYUH

16.2.1. F'unome3a 06 omcymcmeuu KOppeasuuoHHOU 3a8UCUMOCU

[Ipennonaraercs, 4to AByXMepHas ciayyaiiHas BenuuuHa (X, Y) pacnpeneneHa
110 HOPMAJIbHOMY 3aKOHY. Ecii MOaysIb TOUEUHON OLEHKH KO3 pULMeHTa Koppes-
IIU¥, BBIYMCIICHHBIA 110 UCXOJHOW BYXMEPHOH BBIOOpPKE CIy4aiiHOW Bequ4uHBI (X,

Y), He BenuK (‘va‘ <0,1...0,2), o runoresa 06 OTCYTCTBUM KOPPEIAMOHHON 3aBH-

CUMOCTH MEXy BeTHUMHAMHU X U Y MOXET ObITh IPOBEpPEHA CIEAYIONIUNA 00pa3oM.
1. ®opmynupyercs runoresa:

Ho: Ry =0;
Hi: Ry #0.
3necy R,y — reopernueckuii KO3QHUIMEHT KOPPEIALNU.
2. Beramcnsiercs oneHka kodgguiimenTa Kkoppensiuu R;, mo popmyie (16.6).

3. Eciii 06bem BeIOOpKH HE BesiK (N < 20 ), TO BHIMONHSIOTCS 11. 4...6, HHaUe —
BBITOJIHSIOTCS 1. 7...9
4. Onpenensiercsa 3HaYEHUE KPUTEPHS

Ry vN—2

1-(R}y )
KOTOPBIN pacmpenerneH mo 3akony CTbiofieHTa ¢ (N—2) cTeneHsIMHu CBOOOIbI, €CITU TH-
nore3a H  BepHa.

t=

(16.9)
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5. Ilo 3agaHHOMY YPOBHIO 3HAYMMOCTH ¢ BBIUUCISETCS IOBEPUTENbHAS BEPOSIT-
Hocth y=1—a wu u3 tabmuipl CThIOJEHTA BHIOMPAETCS KPUTHYECKOE 3HAYEHHUE

t

y,n—2 -
6. Eciu |t| > |t7,n_2

bl X, Y KoppenupoBanbl. B mpoTuBHOM cityyae runoresa Hy npunumaercs.

, TO THUIIOTE3a H0 OTKJIIOHACTCA, a CJI€A0BATCIIbHO, BCIIMYHN-

7. OnpepensieTcst 3HaYCHUE KPUTEPUS

Ry «/ n
* 2
1—(RXY)
KOTOpLIfI pacnpez:eneH HpaKTI/I‘IGCKI/I I10 HOpMaJILHOMy SaKOHy, CCJIIN T'HUIIOTEC3a HO

Z = (16.10)

BEpHA.
8. Ilo 3amanHOMY YPOBHIO 3HAUMMOCTH ¢ U3 Tabnuiel ¢pyHkiuu Jlammaca ompe-
l-o 1-«
JIEIISIETCS KPUTUYECKOE 3HAUYECHUE Z,=argd [Tj , T. €. CD(ZO,) = T .

9. Ecmm |Z|>|Z,
X, Y xoppenupoBaHbl. B mpoTuBHOM ciiydae runotesa H, mpunumaercs.

, TO THUIIOTC3a HO OTKIIOHACTCA, a CIICA0BATCIbHO, BCIIMYNHBI

16.2.1. I'unome3a o pasencmee mamemamuyecKux 0HcuOaHuil

[yctb X0, Xoreens an},{yl, Y25 Yo, } — He3aBHCHMBIE CITydalHbIe BBIGOPKH 13

TreHEepaIbHBIX COBOKYMHOCTEH ciiydailHbIX Bed4uH X U Y. BhIUKCIICHBI OLIEHKH Ma-
TEMATUYECKUX OKUIaHUN BeIrYnH X 1 Y

N 1 &
mX:Yz_ins

n, <

Y

N, =1

KOTOpBIE OKA3aJIUCh PUOJIN3UTEIBHO PABHBI.
dopMyHpyeTCs AByXaabTEPHATUBHAS TMIIOTE3A:
Ho: My =my, T.e. MaTeMaTHYECKHE OXKHUIAHUS BEIUYUH X 1 Y PaBHBL.
H;: My # My .
JIns MpOBEpPKU TaHHOW THIOTE3bI UCIIOJB3YyeTCs t-KpUTEpUi, KOTOPBIN CITYKUT
JUIsL CPAaBHEHHMSI IBYX CPEIHHUX 3HAYCHHUU U3 HOPMAJIBHO PAaCIpEIEICHHBIX TeHEepab-
HBIX COBOKYITHOCTEU B IIPEAIIOIOKEHUH, YTO JUCIIEPCUM Ox U Oy PABHBI, XOTS U HEU3-
BECTHBI.
B xadecTBe KpUTEPHSI UCIIOIB3YEM BEIUUUHY

T X—-y nn,(n +n,—2)
J(n —DSZ(x) +(n, —DSZ(Y) n +n,

(16.11)
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[Ipu caenaHHBIX NPEANOCHUIKAX (HOPMAJIBHBIN 3aKOH PACHPENECIICHUS BETUYHH
X1 Y u paBeHCTBO AMCIEPCUil) U B MPEANOIOKEHUH, YTO Tunote3a Hy BepHa, BeNu-

unna T ynosnerBopsiet pactpeneiernto Cteionenta ¢ K=n+n,—2 cremneHsmu cBo-

OOEbL.
[ToaToMy kpuTHUeckas 00JIacTb MOKET OBITh YCTAaHOBJICHA CJCAYIOMUM oOpa-
30M. JIJIs 3aIaHHOTO YPOBHS 3HAYMMOCTH ¢ TI0 Tabnwmie pacnpeneiacHus CThIOICHTA

ompenensiem 3Hadenue 1, ;. Ecom BeramcinenHoe (cormacHo (16.11)) 3nauenue T

YAOBJIETBOPSIET HEPABEHCTBY |T| >1,_, a1, TO THIIOTE3Y H{y OTBEPraror.

[10 OTHOIIEHUIO K NMPEANOCHUIKE «HOPMAJIBHOM PACIpPEAEIEHHOCTY t-KpUTepHii
HE OYECHb YYBCTBUTEJIECH. ETr0 MOXXHO MPUMEHSTh, €CJIM CTATHCTHYECKHUE pacrnpeaese-
HUS 00enX BBIOOPOK HE MMEIOT HECKOJIBKMX BEpIIMH (T. €. YHHUMOJAJIbHBIC) U HE
CJIMILIKOM accUMeTpuuHbl. [Ipenmnocesuika ox = oy BO MHOTHX CIIy4asX MOET OBITh
000CHOBaHa Ha COJIEP>KATEIBHOM YPOBHE; a TUIIOTE3Y Ox = Oy MOYXHO IIPOBEPUTH IO
F-xkpureputo (cM. HIDKE).

16.2.2. I'unome3sa o paserncmee oucnepcuii

2
['nmoteskl 0 AUCIICPCHUU UMCIOT B TCXHHUKC OoJIBIIIOE 3HAQUCHHUC, TaK KaK Oy C€CTh

MCpa TaKuX XapaKTCPUCTHUK, KaK TOYHOCTb MalllWH, OIITNOKH HU3MCPUTCIIbHBIX HpI/I60—
POB, TOYHOCTb TCXHOJIOTHUIYCCKUX IMPOUCCCOB U T. II.

[Iyctb X0 Xoreens an},{yl, Y21+ Yo, } — He3aBHCHMBIE CITydalHbIC BBHIGOPKH 13

TeHEPABHBIX COBOKYITHOCTEH CITy4JailHbIX BeMUrH X U Y. BBIYMCIICHBI OIICHKH JHC-
nepcuii BenuuuH X 1 Y

n M
S2(0) =—— 3 (% %) = —— Y -,
n-1%5 n-15" n-1
1 L 2 1 & n
g2 = . AV 2__1h —21
5 (¥) —, ;(y. y) n2—1§y' 01’

KOTOPBIE OKA3aIUCh IPUOIU3UTEIBLHO PABHBI.
dopmynupyeTcs AByXallbTepHATUBHASA THIOTE3A:
Ho: Dy =Dy, T.e. aucnepcuu Benuuud X 1 Y paBHBIL.

Hl: Dx-‘#Dy.

JIJist pOBEpKH AaHHOW TMIIOTE3bI UCTIONb3yeTcsl F-kpuTepuil. B kauecTBe Kpu-
TEpUs UCMOJIb3yEM BEIUYUHY:

SH)
Se(y)

S5 (X) 2 S (y)

Se(Y) o2 2
5200 Sy (X) < Sy (y)

T. €. OOJIBIIYIO TUCTIEPCHUIO BHIOUPAIOT B KAYE€CTBE YUCIUTEIIS.

F =
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Benmnuuna F ynosnerBopsier F-pacnpenenenuro ¢ (n; —1, n, —1) crenensamu
cBoOoabl. Kputnueckas obiacTe BbIOMpaeTcs cieAyromuMm o0pa3oM. s ypoBHs
3HAYUMOCTU o 10 Tabnuue F-pacnpeneneHus omnpenensieM KPpUTHUECKOE 3HAYCHHE

/20, 10,1 Ecnu F, BbI4HCIEHHOE IO BEIOOPKE, OOIIbIIE, YeM 3TO KPUTHUECKOE 3Ha-

uenue F, . 10, 1, TO THIIOTE3a H) IOJDKHA OBITH OTKIOHEHA.

16.2.3. 'unomesa o pasencmee 3aK0H06 pacnpeodesieHus

[TycTs X5 an},{yl,yz,...,ynz} — HE3aBHUCHMBIC CiTy4allHbIe BBIOOPKH W3

TE€HEPAIBHBIX COBOKYITHOCTEH CIIy4ailHbIX BETUYHH X U Y.
dopMynupyeTcs AByXajdbTEPHATHBHAS TMIIOTE3A!

Hy: F (X)=F (y), T.e. n1Be BBIOOPKHM K OIHON M TOM K€ T€HEPAILHON COBOKYII-
HOCTH;
Hi: B (x) =R (y).
OTHOCHUTENBHO 3aKOHA paclpeAeeHnid BeTUYUH X U Y HUKAKUX MPEANoIoKe-
HUl He nenaercs. CnocoObl MPOBEPKH, IMTPU KOTOPBIX HE JENAETCS MPEAIOI0KEHUHN O
pacnpeesieHnu B TeHEpalbHONM COBOKYITHOCTH, Ha3bIBAIOTCS CIIOCOOaMM, CBOOOIHBI-
MU OT [IapaMeTPOB, B MPOTHBOIIOJIOKHOCTh PACCMATPUBABIIMMCS BBILIE ITApaMETPU-
YECKUM KPUTEPHUSAM, B KOTOPBIX IPEAIIoarajlach HOpMaJIbHasl paclpeeeHHOCTh Be-
auauH X u Y.
JIns MpOBEpPKM JAHHOM THIIOTE3bl UCHOJB3YETCA KpUTEepUun Yuikoxcona. 3Ha-

qernst 1X X)) an} 1 {Y1: Yares Yo, } 06€HX BHIGOPOK YIOPAIOUMBAIOTCS BMECTE B

nopsiike ux Bospactanus. [lapa 3Hauenuit (x; Y;) oOpasyer unsepcuio, eciu Y < X; .
[TycTh, Hapumep, 711 Ny =4 1 N, = 5 TOJIyYrIach Takas IMoCaeA0BaTEIbHOCTD: Vs X3
X4 Y1 Y2 X2 Y4 Y3 X1 . B Hatiem npumepe X3 U X4 00pa3yroT 1Mo OJHON HHBEPCHH (C Ys), X2
obpasyeT Tpu uHBepcuu (¢ Ys Y1 Y2), a X; 00pa3yer nsaTh HHBEPCHH (CO BCEMU ).

B kavecTtBe kpuTepus ucnoib3yercs BeanunHa U — mojgHoe 4ucio MHBEpCU.
JlaHHas BeTMUMHA pacHpe/esieHa Mo 3aKOHY YMIIKOKCOHA U OT TUNOTe3bl [y OTKa3bl-
BatoTcs, eciau U Oonbine kputudeckoro 3HadeHus U,, B3SITOro u3 TaOIUIbl Y UITKOK-
COHa IS 33IaHHOTO YPOBHS 3HAYMMOCTH a. [ 00abIux 00heMOB BBIOOPKH (N; U
N, 6osbiie 25) kpuTudeckoe 3HadeHue U, onpeaensercs mo Gopmyie

u -z \/ M0, (”11; n,+1) (16.13)

l-«o
rae Z, —3HadeHue aprymenTta ¢pyukiuu Jlamaca, Z, =arg @ (Tj .
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Jleknusa 17

17.1. OueHka perpecCMOHHBIX XapaKTePUCTHK
[Tycth mpoBOANUTCSA N HE3aBUCHUMBIX OIBITOB, B KaKJOM U3 KOTOPBIX JBYyXMeEp-
Has ciaydaiiHas BeqnuuHa (X,Y) NpuHUMAaET OoNpeeieHHbIE 3HAYCHUSI U PE3YJIbTaThl
OMBITOB MPEICTABIISIOT coboit JIBYXMEPHYIO BBIOOPKY BHJIA
{0, )i (x5 ¥2)see s (X0, )} HeoOxoammo Ha OCHOBAHHHM MMEIOIICHCS BHIOOPKH

BBIABUTH XapaKTCP CBA3HW MCKIY BCIIMYMHAMU X, Y, T. €. IIOJIYUYUTDH OLICHKY YCJIIOBHO-

r0 MaTeMaTHYEeCKOro oxumanus My, — OIIeHKY perpeccuu Y Ha x. [laHHas olleHka
MPEACTABIIIET COOOM HEKOTOPYIO PYHKITUIO:

M = () = 9(X, 80,8y, 8)
rae &y,&,...,&, - HEM3BECTHBIC MAPAMETPBI.

Takum o6pa30M, BO-IICPBLIX, HGO6XOI[I/IMO YCTAaHOBUTL THII 3daBUCHUMOCTH

o(X,8y,8,,...,8,,), T. €. ABJIAETCA JIM OHA JTMHEHHOM, KBaPATUIHOMN, [TOKAa3aTEIbHOM

U T. 1., BO-BTOPBIX, ONPENEIIATh 3HAYCHUSI HEU3BECTHBIX MMAPAMETPOB 8, &,..., &, . [l

OTIPEICIICHHST THITA 3aBUCHUMOCTH CTPOMTCS ouazpamma pacceusanus (WA Koppes-
YUOHHOE noJjie), KOTOPYIO MOKHO TIOJYYUTh, €CJIM PE3yJIbTaThl OIBITOB H300pa3HTh B
BHUJIC TOYEK Ha IUIOCKOCTH B JCKApTOBOM CHCTeMe KOOpauHatT (cM. pucyHoK). Ha oc-
HOBAaHUHU aHAJIM3a KOPPESIMOHHOIO IO BHIOUPAEM THII dIMAUPULECKOU JUHUU pe-
epeccuu Y(X) = @(X,a,,8,,...,a,), KoTOpas J0KHA NPOXOJUTH depe3 ToukH (X,
Y1)+, (Xn, ¥n) TaK, 4ToOBI €€ rpad)K HAUIYUIIHMM 00pa30M COOTBETCTBOBAN ObI HEU3-
BECTHOH JIMHUU PETPECCUH, T.€. €€ 3HAUCHHS JOJDKHBI OBITH MPUOIM3UTEIHLHO PaBHBI
cpeHUM apu(PMETHYECKUM 3HaUeHHH Y JUI KaX0ro 3HAuCHH X=X,

VoA
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Bo MHOTMX ciy4asx TUT 3aBUCHMOCTH MOXET OBITh BEIOPAH Ha OCHOBE TEOpe-
TUYECKUX WM UHBIX COOOpaXKEHUH.
s ompeneneHuss 3HAYEHUM MapaMeTpoB, IpPH KOTOPBIX 00eCleuynBaeTCs

HAMJIydIlee COornacoBanus KpuBoi Y = @(X,8,,a,,...,8,) U IKCIEPUMEHTATBHBIX

touek {(x1, y1), (x2, ¥2),..., (Xn, ¥n)}, HCIIOJIB3YETCS METOJ HAMMEHBIIUX KBaJIPATOB.

17.1.1. Memoo naumenvuiux Keaopamos
CyThb HaHHOTO METOJla 3aKJIIOYaeTCss B TOM, YTO 3HAYEHUS MapamMeTpoOB
&y, ,...,&, HEOOXOJMMO BBIOPATH TaK, YTOOBI CyMMA KBAOPAMOE OMKIOHEHUL IKCNe-

PUMEHMATIbBHBIX NOYEK Om CZJZCZDfCM@ClIOW@ZZ Kpueod o6pau;aﬂac5 6 MUHUMYM.

n

>y —gp(xi,ao,...,am)]2 =min . (17.1)

i=1
Haiiiem 3mauenns Q;, j=1...,M  o6pamaiomue NeByr0 4acTh BbIPAKEHHUS
(17.1) B MuaumymMm. s sToro npoauddepeHuupyem ero no a;, J=1...m yu mpu-

PaBHACM IIPOU3BOJHLBIC K HYJIIO (B TOYKC SKCTpEMYyMaA IIPOU3BOAHAA PAaBHA HYJ'II-O)I

- op(X :
DIy — e, ay, ... ay)] 9p(%) =0,j=01,...m (17.2)
i=1 oa;
op(%) . - .
e 3HaYCHHE YaCTHOM MPOU3BOAHON (QYHKIMH ¢ O Tapamerpy & B TOY-

0a,;

K€ X;.

Cucrema ypaBHeHuii (17.2) cogepXUT CTOIBKO k€ YPaBHEHUN, CKOJIBKO HEU3-
BECTHBIX [TapaMeTpPoB, T. €. M+1.

Pemute cucremy (17.2) B oOmiemM Buae HeIb3s, JIs ATOTO HEOOXOJIMMO 3a-
JaThCsl KOHKPETHBIM BUIOM (QYHKIIUU (.

[TycTs Yy mpencrapisier coO0M CTENEHHOM Ps/I;
Y =¢(X,85,....8,) = D a;x) . (17.3)
j=0

Torna (17.2) mpumet BU cUCTEMBI JIMHEHHBIX ypaBHeHUH (CJIY):

iaji(xi)j+k =iyi(xi)k,k:0,l,...,m (17.4)

[Togenum 06e yacTu ypaBHEHUI Ha 00BEM BRIOOPKH N, cHCTeMa MMPUMET BH/T

> a,a)., (%) = o, 04, ) k=01 (17.5)
j=0
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rie o, (X) — OlEHKa HAayalbHOTO MOMeHTa K-ro mopsaka BeduuuHbl X,
n
o ()==-3 (%)
n =
a;‘l(x, Y) — OIleHKa CMELIAHHOIO HaYallbHOro MOMeHTa ropsiaka K+1 Beamunn X
* 1 &
nY, (X, y)= o Z];Xik Yi -
i

ITepemennbiMu B cucteMe (17.4) sBistores @, J=1,...,M a BEIYHCIICHHbIE IO
WCXOJHON BBIOOPKE OICHKM HA4YaJIbHBIX MOMEHTOB SBJISIOTCS KO3 HUIIMEeHTaMU
CJIY. PelnB JaHHYIO CHCTEMY, MbI ONPEICIHM OLCHKH IAPaMETPOB 8g,d; ..., a,,
o0ecreunBaoNIue HauIydllee cornacopanue kpusoit Y = @(X,a,,8,,...,a,) 1 3Kc-

HNEPUMEHTATIBHBIX TOYCK {(X1, V1), (X2, V2), v, (Xn, Vn)}-
Ilpumep. OnpenenuMm OLIEHKY JIMHEWHOW perpeccun My, = 8, + aX. Cu-

crema (17.5) ns m=1 umeeT BUA
0y (X)3 +a; (X)a, = g, (X, Y)
a, (X)a, + o, (X)a, = o5, (%, Y) |
C y4eToM TOro, 4To ay(X) =L a (X) =X, agll(X, Y) =V, nonyqaem:
a, +Xa, =Yy
X8, +a, (X)a, = o5, (X, Y)’

OTcrona
« a1(X,y)—-X-Y K=
a = =X (17.6)
ap(X) —X So (X)
8,=Y-a X, (17.7)

YTO COOTBETCTBYET YpaBHEHHUAM MpPsMbIX perpeccuii (9.10).
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BOITPOCHI 11O KYPCY TB u MC

1. OcHOBHbIE IOHATHS TEOPUU BEPOSATHOCTEH.

Cnyuaiinble COOBITHSI, ONlepalluu HaJl COOBITUAMH.

3. OcHOBHBIE aKCMOMBI TEOpUU BeposiTHOCTEW. HermocpencTBeHHbIN MO/ICUET Be-
POSITHOCTEM.

4. Knaccruueckoe U TeOMeTpUIecKoe orpesiesieHne BeposiTHocTH. CBoiCTBa Bepo-

ATHOCTH.

OcHoBHbIe KOMOUHATOPHBIE (hOpMYITBI. Buabl BEIOOPOK.

CymMma coObITuii. TeopeMbl CII0KEHHS] BEPOATHOCTEN.

YcnoBHasI BEpOSITHOCTB. TeopemMbl YMHOKEHHS BEPOSITHOCTEN.

3aBUCHMBIC M HE3aBUCUMBIE COOBITHI. BeposaTHOCTh 0€30TKa3HOM paboTHI ce-

TH.

9. ®opmyna nonHoM BepositHocTu. Popmyia baiieca.

10. Cxema ucneitanuii bepuymiu. Teopema o MOBTOPEHUH OTIBITOB.

11. TIlpenenbHble TEOPEMBI B cXeMe UcTIbITaHUN bepHysuu.

12. Cnyuaiinple BeNWYMHBI. THIBI BEIWYMH. 3aKOH paclpeaesieHus] TUCKPETHOU
CIIy4YallHOM BEJIMYUHBI.

13. ®dyHKIMsA pacnpeneaeHus ciiydyaiiHbIX BEJIMYUH U €€ CBOICTBA.

14. TInoTHOCTH pacmpenefieHrs HEMPEePhIBHOM CIy4yallHON BEIMYMHBI U €€ CBOU-
CTBA.

15. HucnoBble XapaKTEepUCTUKU OJHOMEPHOW CilydailHOW Benu4yuHbl. Maremaru-
YECKOE OXKMJIaHHUE U €TO CBOMCTBA.

16. UncnoBbie XapakTEpUCTUKH OJHOMEPHOM CIydaiiHON Benn4uuHbI. Jucmepcus
U ee cBorcTBa. CpeHee KBAIPATUYECKOE OTKIIOHEHHE.

17. YucnoBble XapaKTEpUCTUKUA OJHOMEPHOM Ciy4yalHO# BenuuuHbl. HauanbHbie
U LIEHTpaJibHble MOMEHTHI. Mojia, MeMaHa, KBaHTWIb, KO3(pUlMeHT Bapua-
LUH.

18. TunoBbie 3aKOHBI pacHpeieICHUS JUCKPETHOM CITydYaiiHON BETUYHHBI.

19. TunoBsie 3aKOHBI pacHpeiesieHrs HEPEPHIBHOW ClydyailHON BeTu4uHbI. PaB-
HOMEPHOE, KCIIOHECHIIMAIBbHOE PACIIPEIEIICHMUS.

20. TumnoBbIe 3aKOHBI PACTIPEICIICHHS HETIPEPHIBHOW CilydaitHOM BenuduHbl. Hop-
MalibHOE pactpenenenue. Pynkuuu Jlamnaca.

21. 3akoH pacnpeaeneHust GyHKIMH CITy4YalfHOTO apryMeHTa.

22. YucnoBble XapaKTepUCTUKN QYHKITUHN CITy4aiHOTO apryMEHTa.

23. JIByMepHbIe crydaiiHbIe BeTHUMHBL. J[ByMepHast QyHKIUS pacrpeeieHus, ee
CBONCTBA.

24. Pacnipenenenre AMCKPETHOW JIBYMEpPHOM Cily4yailHOM BeIMYMHBI (MaTpuila
pacrpeseneHus, €€ CBOCTBa).

25. [InoTHOCTB pacnpeneneHus: IBYMEPHBIX CIIYIaiHBIX BEJIMYUH U €€ CBONCTBA.

26. 3aBUCHMbIC U HE3aBUCUMBIC CIIydyallHble BEJIMUYMHBI. Y CIOBHBIE 3aKOHBI pac-
IIpEeACICHUS.

2. YucnoBble XapaKTepUCTUKU ABYMEPHBIX BEJINYHH.

no
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28. 3akoH pacnpezeneHuss (QpyHKUUNA ABYX CIydallHbIX BeIWYUH. UHMCIIOBBIE Xa-
paKkTepucTUK (GYHKUMNA JIBYX ClIy4alWHbIX BedMurMH. KoMmosuius 3aKoHOB
pacrpeienieHusl.

29. MHOrOMEpHBIE Clly4ailHble BeJIMYUHBI. UHMCIOBBIE XapaKTEPUCTUKH MHOTO-
MEpPHBIX CITy4alHBIX BETUYUH.

30. 3akon 6onbpmmx yncen. HepaBencrsa Uebbliiena.

31. 3akon Oonbmiux yucen. CxoauMocTh 1o BeposiTHOCTH. Teopema Uebbiiena.
Teopema bepnyiu.

32. LlenTpanbHas npeAenpHas Teopema.

33. OcHOBHbIE TIOHATHS MAaTEMaTHYECKON CTATHCTUKH (BBHIOOPKA, BapUallMOHHBIN
psia, TUCTOTpaMMa).

34. Boibopounbie xapakTepucTHKUA. COCTOATETHHOCTD, 3PHEKTUBHOCTh M HECME-
IICHHOCTH OI[EHOK.

35. ToyeuHble OLIEHKU YHCTIOBBIX XapaKTEPUCTHK, UX CBOICTBA.

36. ToyeuHble OLIEHKU TapaMeTPOB paclpeaeseHus, METO1 MOMEHTOB.

37. ToueuHble OIEHKM MapaMETPOB PpACHPEICICHUs, METOJ MaKCHUMaJbHOTO
paBIoNoa00us.

38. lHTepBanbHbIe OLIEHKH YMCIIOBBIX XapaKTEpUCTHK. JJoBepUTEIbHBIN HHTEPBAI
JUISL MAaTEMaTUYECKOrO 0’KUJAHUSI U BEPOSITHOCTH.

39. HTepBanbpHble OLIEHKH YMCIIOBBIX XapaKTepUCTHK. JJoBepUTEIbHBIN HHTEPBAI
JUTSL BEPOSITHOCTH U TUCTICPCUU

40. [TpoBepka ctaTucTUYeCKUX THMOTE3. OMUOKH, TOMyCKaeMble MPU MPOBEPKE
runore3. MeToanka MpoOBEPKH THUIOTE3 HAa OCHOBE KPUTEPHEB 3HAUMMOCTH.

41. IlpoBepka CTATUCTUYECKUX TUNOTE3 THUIBI CTATUCTUYECKUX TUNOTE3. I Umnore-
34 O PAaBEHCTBE BEPOSTHOCTEM.

42. Cratuctudeckas 00paboTka ABYXMEPHBIX MacCHBOB. JlOBEpUTENbHBIN HHTEP-
BaJ 17151 Ko ULMEeHTa KOPPENALUY U THUIIOTe3a O KOPPENSLIMOHHON 3aBUCUMO-
CTH.

43. Cratuctudeckasi 00paboTKa IByXMEpHBIX MaccuBOB. Kpurepuit YuikokcoHa.

44. Cratuctudeckas oOpaboTKa JBYXMEPHBIX MacCHBOB. Kpurepun o paBeHCTBE
OCHOBHBIX YHCJIOBBIX XapaKTEPUCTHUK.

45. Kpurepuii cormacus x°.

46. Kputepuii cornacus Koamoroposa.

47. KoppensiliMOHHBIA U PEerpecCUOHHbI aHan3. MeToJl HaMMEHbBIIUX KBajapa-
TOB.

48. OueHku Kod(PPUITMEHTOB ypaBHEHUS PErpecur U K0d(PPUIIMEHTa KOPPETSIIH
(OLIEHKH IO METOY HAUMEHBIIIUX KBAJIPATOB).
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