PAObI TEM/TIOPA.
NPU |V| E HEHUE CTEMEHHbIX

Tema 9



CTeneHHble pAaAabl

Onpeaenenue. CmeneHHbIM psidoM Ha3bIBAETCS
YHKITMOHATBHBIN PsAJ, BUA

ch(x—xo)” =c,+c(x—x,)+c,(x—x,)° +...
n=0

n
+c (x—x,)" +...
npu 3TOM yucaa Cy,C5...5C, 5. € R wuaswBarores

ko3¢pPuyuenmamu psoda, a Touka X — UeHMpom

pasnoxceHusn paoa.



~— CTeneHHble pAaabl

OO1I1ii YieH CTEeIIeHHOTO Psi/ia IB/ISETCS ITPOCTEUTITM
MHOTOYJIEHOM:

u, (x) =c,(x=xp)"

YacTuuHas CyYMMa CTEIICHHOI'O psAda ABJ/ISI€TCA
MHOI'OYJIEHOM CTeIl€eHHU n .

S (x)—¢c telx—x It Fe(x—x }



CTeneHHble pAaAabl

3ameHuB (X—Xx,) Ha X BCEraa MOXXHO MOTYYHUTh
psAa cmeneHHOU psad BUAA

00
sy 5 e Snii
e r = O +C’1X‘|‘C'2x +...‘|‘Cn.x N
n=0
e ¢ ¢, R

CTrenneHHOM psiJi BCeraa CXOAMUTCS MO KPAaUHEU Mepe B

OIHOMU TOYKe: X = X, (mu6o x = () s psima BTOpOro
BUIA).



~ CreneHHble paabl. O6nacTb CXO4MMOCTH.

O61acTh CXOAMMOCTH CTETIEHHBIX PSIZIOB UMEET OYE€Hb
IIPOCTYIO CTPYKTYPY (cornmacHo Teopeme Abens):

0 0)
n
CTrenneHHOM psj Z ¢, (X =Xp) anbO CXOAUTCA HA
n=0

BCell YMCIOBOH MPSAAMOM, TNOO0 CyIIeCTBYeT TaKoe
yucio R > () ,4ro B uHTepBane X =(x, — R, x, + R)
PAZ CXOOUTCS, @ BHE UHTepBajla — PaCXOLUTCH.



~ CrteneHHble pagbl. Ob6nacTtb cXoAMMOCTMW.

Yuco R B 3TOM ciTy4dae Ha3bIBaeTcss paduycom
o0
cxX00UMOCMU CTEeIIeHHOTO Dsia - n
p a Z Cn (x xO )
n=0
aunrepBan (¥, —R,X,+R) - unmepeanom
cxodumMoCmu 3TOTO PSJA.

[Ipy x = +R psag MoxkeT TUOO0 CXOAUTHCS, THOO
PaCcXOAUTHCA. B 3THX TOUKax monyvaroumecs
YUCJIOBBIE PSAABI UCC/IEAYIOTCSI MHAWBHUIYaTbHO.



CteneHHble paabl. CBOMCTBA CyMmMbl psaaa.

CBoiicTBa CYMMBI CTEIIEHHOTO psija
o0

n
Eciu creneHHoM psap Z ¢, (x—x,) CXOIUTCS B
n=0
untepBaie X =(x, — R, x, + R) ,tne R #0, torma cymma
psaga S(x) :
1. HempepbIBHA Ha UHTEepBajie X ,

2. MHTerpyupyeMa Ha Il000M OTpe3Ke, IeJIMKOM JIe)KallleM B
00/1aCTU CXOIUMOCTHU X,

3. auddepeHnupyemMa mobdoe YMCI0 pa3 Ha uHTepBase X.




PasnoxeHne pyHKUUN B CTENEHHOMN PAA.

[Tycrp Ha uHTepBane X ¢pyHkuus f(x) sBAseTCS CyMMOH
HEKOTOPOTO CTEIEHHOTO psizia

2. (x=x)" = f(x)

Torapa rosopsit, uTo Ha nHTepBajie X QpyHKUMA f (x )

pa3/araeTcs B CTEIEHHOM PsiJ, C LEHTPOM B TOUKe X
(v o creneHsiMm X — X, ).

Bompoc o paznoxeHnu GyHKIIUH B CTEIEHHOMN P/
SIBJISIETCSI OOHUM U3 BXHBIX IIPUKJIAHBIX BOIIPOCOB TEOPUU
CTeIeHHBIX PSIJIOB.




Heobxoammeble ycnoBmua pasnoxXmMmoctn GyHKLNK
B CTEMNEHHON pAA.

Ecim CIDYHKI_[I/I}I f (X) pa3/jiaraercs B CTermeHHOU P
Z Cn ('x = xO ) n

B HEKOTOPOU OKpecTHOCTH X TOYKU X , TO ero
K02 PUITMEHTHI HAXOASATCS MO popMyIam

(n)
L 5 s
n!

C

n

T.e. f(x) momkHa 6bITH OeckoHe4YHO TUdPepeHIIupyeMa B
TO4YKe X .



~ Pap, Tennopa

o0
Onpeanenenue. CterieHHOM psif, Z c (x—x - )
n=0

ko3 PuLreHTaMU T (n) ( X )

C

n

n=01
n!

HasbIBaeTcs psaaom Tervnopa aas yukuuu f (X) B Touke X,
HEe3aBHCHUMO OT TOTO, CXOAUTCS JIK OH BOOOIIE MM CXOZUTCS
1 OH K flaHHoU yHKmH f'(x) . KoadppuumenTs: C,

Ha3bIBAIOTCA KoddduiieHTamMu Tetinopa.



[loCcTaTo4Hble yCNOBMA Pa3NoKeHUA GYHKLUUN B
paa Tennopa.

[Tycts GyHKIIUSA f(x)B HEKOTOPOU OKPECTHOCTU TOYKU X

HNMEET IIPDON3BOJHbBIC JII000T0 IMMOPAAKA n , KOTOPbIE
DAaBHOMEPDHO OI'DAHHWUYEHBI B DTOU OKPECTHOCTH, T.€.

CyLIeCTBYeT TAaKOe YMCJIO M >0 , IPpY KOTOPOM ‘f . (x)‘ <M

1151 T0OO0TO HaTypaIbHOTO N B 10001 Touke x € X . Torna B
9TOU OKPeCTHOCTU PYHKIIMSI pasiaraetcs B psaz Tetimopa:

f(n) (xo)

]

J(x) = Z



EAMHCTBEHHOCTb pa3ioXeHnAa PyHKLMN B pAa,
Tennopa.

Ecniu pyHKums f(x) B pasioxuMa B psif,
Tennopa, TO 3TO pa3noOXXeHUe eJUHCTBEHHO.



~— Pap MaKnopeHa

Onpepenenne. Ecmu X, =0 ukospdunmenTs

(n)
— - g Ol
n!

&

n

CTeIeHHOU psf,

s

n=0 n.

HasbIBaeTcs psigom Maxutopena s ynkumuu f (X).



— PasnoXeHwue B pag MaksiopeHa HEKOTOPbIX
31IEMEHTAPHbIX PYHKLUMNM

1 o0 xn
e = > e
n=0 n'
00 x2n+1
2. sinx=) (-1)"- X € (—00;+0)
Z; 2n+1)! :
00 x2n

. (2n)', X € (—00;400)
n=0 >



PasnoXeHue B paa MaknopeHa HEKOTOPbIX

3/1IEMEHTAPHbIX CI)yHKLI,Ml;I 1
n+
4.

arctg x = | , xe[-1;1
g Z( )'oo s xel-Ll]

a) MOXXHO HalTH Koac])c])HuHeHTbl psiZia TIo ompezie/IeHUIo,

npoauddepeHIIMPOBAB GYHKIIUIO N+1 Pas;
6) MO)XXHO HCITOJIb30BaTh CBOMCTBO CyMMBbI CTEITIEHHOTO Ps/IA:

/ 1 5 4 6
xX)= = =1 1 ¢
I 11 x 1—(—x2)
3 5 i
ol - e dx=x—x +x - 1
fx)=]( ) .

2n+1




— PasnoXeHwue B pag MaksiopeHa HEKOTOPbIX
31IEMEHTAPHbIX PYHKLUMNM

n+l

X

, ve( L]
n+1

5. In(1+ x) = i(—l)” .

b

s, L
n=l1 n.

xe (L1



~ PasnoXeHwue B pag MaknopeHa

ITpumep 1. 3Has pa3noxeHUe B CTEIIeHHOM PsiJ,
37IeMeHTapPHbBIX PYHKITUN, Pa3/IOKUTh B psii MakiopeHa

cnenyoourie GyHKIIUHN:

1. f(x)=xsinx

xsmx=x(x ——+——-..)=x"—+—-—...

5 f(x)_—cosx

cos X’ :1—(363)2 +(x3)4
2! 4 6! 21 4 0




/

Pa3snoXeHue B pag MaknopeHa

3. f(x)=sin’x

a) MOXXHO HAaMTH KO3PPUIIMEHTHI PsAZIA IO
orpesienieHUI0, mpoaruPpepeHITPOBaB GYHKITUIO N+1
pas;

0) MOYXHO KCITO/Ib30BaTh PABEHCTBO ;

fx) _sin x 5(1 — oS 2x),

3aTeM psag s COS2x . . -
s e = - = = =
2 4! 6!



S R AR /

> / T
- PasnoxkeHue B pag MaknopeHa

B) ITOCKOJIbKY Bd CTECII€CHHbBIX PsAid MOXXHO ITOYJICHHO
CK/IaAbIBATh 1 YMHOXXATb (HO ITpaBH1J1Y YMHOXEHHUA
MHOI‘O‘—I]IQHOB) U ITpA OTOM MHTECPBAJIOM CXOOAMUMOCTH

HOBOTO CTCII€CHHOTI'O Psid 6Y,ZL€T COBOKYITHOCTb BCEX
TOYCK, B KOTOPbIX OJHOBPEMECHHO CXOOATCS 00a psiaaq,

TO YHUTbIBASA ITO,
3 5 3 5

-, - -
f(x)=sin rx=sSIinx sinx—{(x - + - i - + 5 )
2 23 25 00 - 22n—1
=—x2——x4+—x6—...=2(—1)” L 2

o 1@ _r: (2n)!



[lpnnoXeHna cteneHHbIX pAaoB
CTeneHHbIe PSAAbI UCTIOTb3YIOTCS IJIS:

1) TpUOIMHKEHHOTO BBIYMCIEHUS YK eI, 3SHaYeHHUH
QYHKIIUU ¥ OTIpe/ie/IEHHBIX MHTErPaJioB;

2) BBIYHCJIEHUS IIPEEIIOB;

3) IpeICTaBIeHNs HedleMeHTaPHbBIX PYHKITHH
(HarpuMep, “HebepyIINXCS MHTErpaaoB”);

4) IPUOIMHKEHHOTO PellleHUsT a/ire0pandecKux,
nrddepeHIIaTBHBIX U UHTETrPa/IbHbIX YPAaBHEHUH.




AR A ””\\% "
_ _FIPUNOXKEHUA CTeMNeHHbIX PAOB

IIpumep 2.

BeravciuTh IpUOMHKEHHO YHC/IO € C TOYHOCTHIO 1073,

Hcnons3yem psag MakiopeHa ais e :

o0 xl’l
e" =) —, xe(—0;+0)

nOn'

OTKyza 0pu X=1 ITOJIy4aeM € = Z Z —I—I”k .

Hariném takoit Homep k, uto  r, <107



_ FPUNOMKEHUA CTENEHHbIX PALOB

17151 TOTO OLIeHUM OCTATOK PsiJia:

= 1 + 1 + 1 o
(k+1)! (&k+2)! (k+3)!
1 1 1
(1+ + o
(k+1)! k+2 (k+2)(k+3)

>(k+2)?

HMcKoMbBI HOMep HaXOAWM, pelllasi HepaBeHCTBO:

- | .k+2
(k+1)! k+1

10

T



— [lpuUnoXeHnAa cTeneHHbIX pAaos

Peuraem HepaBeHCTBO:

. ke (k+D!l(k+1)

- 10" & > 1000
(k+D)! k+1 k+2
npu k=6 7;7 - 7208 49 - 1000



_ _FIPUNOXKEHUA CTeMNeHHbIX PAOB

IIpumep 3.
B MpAMOYTOJIbHOM TPE€YI'OJIbHUKE KAaTEThlI PaBHbI 1 U 5.
OrnpenenrTh OCTPbIN YTOM TPEYTOIbHUKA, T€XKAUUU MPOTUB

MeHbIIEI'O KaTe€Ta C TOYHOCTDbIO 40 0.001.

1 1
Tak Kak TaHreHC yI/Ia paBeH g =—,T0 O = Arcig —
Bocnonb3yemcs pasnoxxeHruem S
X - X - X :
arctgx —x -+ —
> >

[lonyunm:

I 1.1 1
= = ~ 0 00027 F 0197



/// : o 777\\% B /
[IpunoxeHnA cteneHHbIX PpASOB

:

2
l—-cosx
BuI4UCcIUTD dXc TOYHOCTBIO IO 0.000L.
x2
0

3aMeHUB B IMMOABIHTET'DA/IBHOM BbIPDAXXKC€HHWH COS X €I'0

IIpumep 4.

PSIZIOM, TIOJTYYUM | 1 2 1 6
21—cosx 7 . oA
J‘ dx:j 2! ;l 6!
0 0 X
i - i
2 1 3 5 5
=j .
: 2' 4' ! 2! 413 65 .

0/25-0.0017 =0.2483

22

adx —



_ FPUNOMKEHUA CTENEHHbIX PALOB
HPI/IMep 5. 2ex - 2 - 2x e xZ
Haittu mpegen l1m : =
x—0 X—SInx

X .
3aMeHUM € U SIN X UX PA3/I0KEHUSAMMU:

2 3
0 )
. o
lim —~ - =
x—0 x_(x_x +x - )
s
.
- - =
i ot o

s 9




/ e
~ [punnoxkeHunsa cteneHHbIX pAaoB

IIpumep 6. IIpeacTaBuTh B BUZe CyMMbI psiZia
HedJIeMEeHTapHYI0 (PYHKIIHIO

t
Si(x) = j‘sm
PaccMoTpum QyHKITUIO
00 th—i—l
sint— > (1) , 1 € (—00;+00
,ZZ:(;( ) (2n+1)! ( )

TOTJa £2n

smt i
= (2n + 1)!




/// o 7777\\% B /
[IpunoxeHnA cteneHHbIX PpASOB

2n

Si(x) = j (Z( )" - - l)')dt:
- e n 2ndt (_1) 2n
_nzz(;(g( (2n+1)') Z((zn I)Jt dt) =

x ( l)n f2n+1 =
Z(2n+1)v (2n+1)(|)

& (1 2 _
Z(2n+1)’ —




- /

[ PUNOKEHUNA CTENEHHDbIX PAOOB

MHorue ypaBHeHHSI U CUCTEMbI YPAaBHEHHU C IBYMS U
Oojiee TIepeMeHHBIMH, HEKOTOpble W3 KOTOPBIX HAJ0
HAaWUTKU 4Yepe3 OCTajibHble, MOXHO pellaTh C MOMOLIBIO
CTeeHHBIX PSJIOB.

Ilnst aTOTO 3a71aHHBIe QYHKIINU, C TOMOIIIBIO KOTOPBIX
3alMCAaHO ypaBHEHHE HAJl0 PA3JIOKHUTh B CTeleHHbIe
DSIIbI U CKAaTh HeW3BeCTHRIe B BUe psiaoB. [locie aToro
IJIST HAXOXKIeHUsI HeU3BeCTHBIX KO3PPUIIMEeHTOB PSAOB
OyZIyT IO/Ty4eHbI HOBbIE YyPaBHEHUS.

[TonydyeHHble TakUM 0Opa3oM pelleHHs] MTPUTOTHBI
ILJ1s1 BBIYUCIEHUM U JJ1s1 APYTUX OTlepallvi HaZl, HUMMU.



PUNOKEHUNA CTENEHHDbIX PAOOB

/

IIpumep 7. Peuinite ypaBHeHue Kernepa:

y=a+xsiny

Cuuras ¥ = y(Xx) HeusBecTHOU QyHKIIMEH OT X , Oyzmem
HCKAaTh €€ B BUJE CTEIIEHHOIO psifa . ~ .
y(x) i Z Cn‘x
n=0

Paznoxxus SN Y B psp Teunopa no creneHsim )V u
MOACTAaBUB BMeCTO )V psifl, MOIYYHM:



/// S ”*f\\% - /
~ TpunoxeHna cteneHHbIX pagos
NN
c - a+x(co +cx+c,x’ +...)—
X

X 5
—5(00 +e,x+c,x° +)3 +§(co +c,x+c,x° +) -

[TpupaBHSB K03PpPHUITHEHTHI TPHU OAVUHAKOBBIX CTETIEHSIX X
cjieBa U CITPaBa, HakJleM TocieoBaTe/ibHO Hen3BecTHbie C,

c, = 4,
> 5
c, ¢, . .
S
2 4
e o0 e
= 1 —

3! S!



: 3 R ”W\\%” e
[TpnUAoXKEeHMA CTeNeHHbIX PASOB

2 4
. 5
C, =C, — = + =

9 4
c. ¢ . 1
=¢|l———+——... |=smmacosa = —sin2aq,
2 4 2

Mckomasi QyHKIIUST UMeeT BUJ;:

y=a+(sin a)x+%(sin 2az)x2 +%(2 sin a —3sin? cz)x3 +...

/loKa3aHO, 4TO 3TO pa3/IoKeHUe BEPHO IIpU ‘X‘ <0.6627...



/// o 7777\\% B /
~ [lpnnoXkeHua cTeneHHbIX pAaos

IIpumep 8. Pemiuth 3agauy Komm:

ry” txw=-0
+¥(0) =1,
1y'(0)=0.

Penienue mocTtaB/ieHHOU 3afjauu y = y(X) MOXeT ObITb
HaMJIeHO B BUJe CTeIIeHHOIO psja: — L
BIEE =S e
n=0

e l e e UF e U = ¢ |
Ee 1 U g g &t 0 = 0. ¢ [



/// o 7777\\% B /
[IpunoxeHna cteneHHbIX PAAOB

Torma  y(x) = Zcx —1+Zcx
1) ic nx’”

y”(x)n 25:0 -n(n—1)x""

HO,ZLCTaBI/IM BbIDAKC€HH A ,ZL]IH N B UCXOAHOE€ YPABHECHHUE!

yP'+xy=0 <:>ch n(n—-1)x"" +x(1+zcn a1 -0
n=2 P

< ch -n(n—1)x"" +x+ch .



: npl/l!'IO)KEHI/IFI CTeneHHbIX PAAO

OmnpegenuM KO3PpPUITMEHTHI TTOTYY€HHOTO YPaBHEHUS,
MIPUPABHSB K HY/TI0 KO3PPUITNEHTHI TP OJMHAKOBBIX
CTeTeHsIX:

2 L s ¢ =

3. 2.¢ f1-"0—>¢ - = ——

4-3-c,=0=¢, =0



an!'IO)KEHMFI CTENeHHbIX PAAOOB

c, =0,
1 4
C, = =
2356 0
ch 14 (3 )
= = ’
(3k)!

¢ —0 11> 56



BRSNS N ) —— /

[ PUNOKEHNA CTENEHHDBIX PAAO

TakuMm 06pa3om, nckomoe pernieHue 3aaa494 Kot

SIBJISIETCSI CYMMOM CJIeYIOIIero CTeIIeHHOTO psja:

(-1)"-1-4-7...-3n—-2) L
(3n)!

y(x) =1+

[lonyyeHHBIN psiJ, CXOOUTCS HA BCeM YN CIOBOU OCH.
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